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ABSTRACT. We consider the Follow-the-Leader (FtL) model and study which
properties of the initial positioning of the vehicles ensure its convergence to
the classical Lighthill-Whitham-Richards (LWR) model for traffic flow. Ro-
bustness properties of both FtL and LWR models with respect to the initial
discretization schemes are investigated. Some numerical simulations are also
discussed.

1. Introduction. Vehicular traffic on a one-lane road can be described at two
fundamentally different levels: microscopic and macroscopic. The first one is based
on the individual modeling of each vehicle, whose dynamics is governed by the
distance to the nearest vehicle in front. This is the so-called Follow-the-Leader
(FtL) model [3, 12], which consists of a system of ordinary differential equations.
The macroscopic level, relying on a continuum assumption (better justified in the
context of heavy traffic), describes the traffic flow in terms of an averaged density
that evolves according to a partial differential equation. Assuming that the number
of vehicles is conserved, we get the classical Lighthill-Whitham-Richards (LWR)
model [17, 19], an hyperbolic conservation law in which the averaged velocity is an
explicit function of the density.

The analysis of convergence of the microscopic FtL model toward the macroscopic
nonlinear conservation law LWR, as the number of vehicles tends to infinity and
their length tends to 0, has been recently investigated by several authors (see [1,
7,9, 10, 13, 14, 20] and references therein). The question can be summarized as
follows; see also Figure 1:

e Take an initial macroscopic description, i.e., a probability density p;

e Discretize it in a suitable manner, finding a microscopic description with N 41

vehicles with initial positions

o <zl <<V <2l

Let the microscopic model evolve in time via the FtL;
Compare it with the solution of LWR starting from p.
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FIGURE 1. Problem statement

The first rigorous proof of convergence of this large particle limit was established
in [10], in which a very natural but specific discretization was proposed. The theory
is based on a form of L' convergence of a suitable miscroscopic-like density to p.
Our article, relying on this first result, provides a more general answer, by showing
that other discretization schemes can be chosen. Roughly speaking, we show that
some form of weak convergence of the microscopic-like density is sufficient.

We now formally describe the framework of our contribution. Consider an initial
probability density p with compact support that satisfies ||p]| o< pmaz 1= 1. Fix
N € N and choose

Tmin = Tty <@V < <2V <IN = Trae,
that can be interpreted as the initial positions of N 4 1 ordered vehicles with mass
l = %. Remark that we do not require Eiv to belong to the support of p, in
general; this is a key difference from previous contributions, in which the values
zN are completely determined by p (see Section 1.1 for details). Let the z¥ evolve

according to the ordinary differential equation (ODE)

l
Ny —— ), =0,...,N—1, 1
i U(xﬁl—:cN> ! (1)

K3
where the velocity function v = v(p) satisfies the standing assumptions:

v € Lip([0, pmax|) with Lipschitz constant L,

V1
V(pmax) = 0, v'(p) <e< 0 fora.e. p. (V1)

In some cases, an additional assumption will be required:
the map [0,400) 3 p — pv'(p) € [0,+00) is non-increasing. (V2)

Together with (V1), it implies the strict concavity of the map

p= f(p) = puv(p). (2)
To close the system of ODEs (1), we prescribe the velocity of the first (leading)
vehicle as the maximum possible velocity:

N = vmax 1= 0v(0). (3)

One can view the quantity l/(xﬁ\j_l — N

) in (1) as a discrete density and consider
as zero the value of the discrete density on the right of x, since there is no other

vehicle ahead of it. Next, letting 2V (¢), i = 0, ..., N and denoting the corresponding
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solutions of (1),(3) with initial positions Z!¥, one can define the discretized Eulerian
density as
N-1 l
E,N
’ | (t,x) . N ) — oV X ¥ ,a:N (1’) x € R’ (4)
jgo el () — 2N (1) [N (1),2N,, (1)

where x4 is the indicator function of a set A. Then, it is shown in [10] that, for a
precise discretization scheme (that we recall in (15) below), one has convergence in
L} ([0, +00) x R; [0,1]) of {PE’N(t7$)}N€N to the weak entropy solution p(t,z) of
the Cauchy problem for the LWR model

{pt+f(P)m:07 t>07 xGR,

p(0.2) = pla),  zER, &

with the flux f(p) as in (2). Notice that, by construction, here the initial discretized

density {pE*N(O)}NeN converges in L!(R) to the initial density p. A similar result

was obtained in [14, 15] for traffic density uniformly away from vacuum, assuming

the L' convergence of the inverse Lagrangian discrete density (see Section 1.1).
As explained above, in this paper we address the following questions:

e which properties of the initial positioning of the vehicles and of the convergence
of the discretized initial data ensure the convergence of the microscopic density
pP N to the macroscopic one p as N — oo ?

e which kind of stability is enjoyed by these discretization schemes?

An answer to these questions sheds light on the range of applicability, accuracy,
and robustness (with respect to errors, gaps in data collection, and oscillations) of
the many particle limits in the context of traffic flow. Moreover, from the modeling
point of view, the analysis of the discrete-to-continuum limit provides a theoretical
background to reconstruct the traffic state of a region through data collected from
stationary detectors and GPS devices. On the other hand, these results can be
applied to validate the adoption of the macroscopic LWR model in cases where the
use of microscopic dynamics is better justified than the macroscopic one.

Our results are all formulated for initial discretization schemes that have uni-
formly bounded support. Namely, we shall require that the initial positions 2V (0) =
zN of all vehicles are contained in a fixed bounded set.

Definition 1.1 (Condition of uniformly bounded initial support). We say that
{xé\’ (t)};vzo satisfies the condition of uniformly bounded initial support if there
exists a bounded set K such that there holds

tN0)eK Vi=0,...,N, VNEN. (6)

For sake of simplicity, we shall assume throughout the paper that ||p||,:= 1, but
all results remain valid without this assumption.  The first main result of this
paper basically shows that we can replace the requirement of L' convergence of the
initial discretization (present both in [10] and in [14, 15]) with weak convergence.

Theorem 1.2. Assume that the velocity map v satisfies (V1). Let p € L*(R;[0,1])
be with compact support and such that ||p|| ) = 1. Let {z ()}, be solutions

of the FtL system (1), (3) that moreover satisfy the condition of uniformly bounded
initial support (6). Consider the corresponding Eulerian discrete density p®N €
L>(]0,400) x R; [0,1]) defined by (4). Assume that

pEN(0) = p weak™ in L*™(R), (7)
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and that one of the two following conditions hold:

(H1) p € BV(R) and there exists C > 0 such that TV (p®N(0);R) < C for all N,
i.e., such that

1 1
+ +
(ﬂ?{V(O) —z'(0) 2§ (0) — a2, (0)
o 1 ®)
— < NC,
2 | T T
for all N;

(H2) the velocity function v satisfies (V2).
Then, the sequence {pEN}NeN converges in Ll _([0,+00) x R;[0,1]) to the weak
entropy solution p of the Cauchy problem (5).

Remark 1.3. The proof of convergence, up to a subsequence, of the sequence of
Eulerian discrete density {pE’N } NeN is based on an estimate of the L' Cauchy
property for a subsequence of {p®"} o in terms of the L' Cauchy property of
the cumulative distribution associated to p»V. Then, one can conclude that such
a subsequence converges, relying only on the convergence of the cumulative and
pseudoinverse functions associated to p?*~, and on the 1-Wasserstein convergence of
{p"N} o that was established in [10]. Finally, relying on (7), one deduces that the
limit point p of the converging subsequence of { pEN } NeN is uniquely determined
since it must be the unique weak entropy solution of the Cauchy problem (5). As a
consequence, the whole sequence { pE N } Nen converges to p. This proof is simpler
than the one presented in [10, Theorem 3], where the authors achieve the L!-
compactness of {pE N } NeN taking advantage also of the Wasserstein equicontinuity
of pPN(t), which allows to apply a generalization of the Aubin-Lions lemma.

The second main contribution of this paper is a stability result with respect to
the 1-Wasserstein distance Wj. It is a microscopic stability result for the evolution
of two different initial discretization schemes, which in turn yields a stability result
with respect to the L! norm that is uniform in time. Such a result is rather surprising
in view of the instability of the FtL dynamics.

Theorem 1.4 (Discrete Eulerian stability theorem). Assume that the velocity map
v satifies (V1). Let {x (£)})_0 {2 (t)}]2o be solutions of the FtL system (1),
(3), that moreover satisfy the condztwn of uniformly bounded initial support (6).

Consider the corresponding Eulerian discrete densities pP~ , pPN € L°°(([0, +00) x
R);[0,1]) defined by (4). Then, for all T > 0, and for all N € N, there holds

sup Wi (™M (), 577 (1))

t€[0,T]
N—-1 (9)
<Wi(p"N(0), 55N (0) + +2LT Y [2j11(0) — 25(0) — (#41(0) — #(0))],
j=0

where L is the Lipschitz constant of v. Moreover, if there holds zX.(0) = #N(0) for
all N € N, and
N-1

i 3 a512(0) = 25(0) = 3522(0) = (0] = (10)
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then the following two properties are satisfied:
(i) if there exists C > 0 such that TV (p¥N(0);R), TV (57N (0);R) < C for all
N, then for all T > 0, there holds

. E,N(; _ ~E,N _ 0.
Nl_lfﬂoot?[é?ﬂHp ) ="M Ol 1y = 05 (11)

(1) if the velocity v satisfies (V2), then for all T > 0, there holds

li BNk (1) — pBNe(t =0, 12
Jm sup [ GRSz O] (12)

for some subsequences {pPNr )y {pE Nk},

Remark 1.5. If 23/(0) = #¥(0) for all N and there holds (10), then Proposition 5.1
below ensures
lim Wy (0 (0), 75 (0)) = 0.
N—+o0

This in turn implies that p¥ (0)— " (0) — 0. Thus, letting p, p denote the weak*

limit of {p®N(0)}n, {pFN(0)}n, respectively, we have p = p. Hence, applying
E,N E,N ;

Theorem 1.2, we deduce that both sequences { 0 } NeN’ { p }NGN converge in

Li ([0,+00) x R) to the weak entropy solution of the Cauchy problem (5), which
implies

. E,N ~E,N —
Nl_lgl()() Hp t)—p (t)HLl(R) =0 for a.e. t>0. (13)

The main new property provided by Theorem 1.4 is the fact that, thanks to the
stability estimate (9), the convergence in (13) is actually uniform in time.

Notice also that property (i) of Theorem 1.4 implies that, if X (0) = #¥(0) for all
N, and if we have a uniform bound on the total variation of p¥(0), 5%V (0), then
the assumption (10) in particular yields the L' convergence p¥¥ (0) — 5%V (0) — 0.

One final contribution of our work shows that a crucial question is still open.
In Proposition 4.8, we give an example of a discretization scheme that does not
fulfill the assumption (H1) of Theorem 1.2. Therefore, we cannot apply our result
for such a scheme in the case of fluxes f(p) that are not concave. However, it is
surprising to remark that the numerical simulations presented in Remark 4.9 seem
to suggest that the Eulerian discrete density defined with such a scheme exhibits
essentially the same behavior of the one produced by those for which Theorem 1.2
can be applied, ensuring convergence to solutions of LWR. This is an interesting
phenomenon that shows that, in the case of non-concave fluxes, the relation between
the convergence of p¥(0) to p and of p¥(¢) to the solution p of (5) has not yet
been properly understood and needs further investigation.

The paper is organized as follows. In Section 1.1, we compare our main results
with the contributions of [10] and [14, 15]. In Section 2, we recall the definition
of the Follow-the-Leader dynamics and provide a stability result for it. In Section
3, we define the Eulerian and Lagrangian discrete densities, and their cumulative
functions with the corresponding pseudo-inverses and discuss their properties and
interpretations. In Section 4, we prove the first main result of the article, i.e., The-
orem 1.2. We also discuss in this section an atomization scheme different from the
ones in [10, 14, 15], which leads to an Eulerian discrete density that converges to the
solution of the LWR model when the velocity v satisfies the additional assumption
(V2). A numerical simulation indicating that this is not the case for velocities v
that do not satisfy the assumption (V2) is also discussed in this section. Finally, in
Section 5, we establish the main stability result, i.e., Theorem 1.4.
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1.1. Comparison with the literature. In this section, we compare our results
with the most relevant contributions in the field.

The main reference here is clearly [10]. The main result there is Theorem 3, that
provides the same convergence result under the following explicit discretization
scheme: given p with compact support, define

g = min(supp(p)) (14)

and recursively

xr
xﬁV(O) = sup {xER: / ply)dy < ]1[}’ j=1,...,N. (15)
w;'vf1(0)

This amounts to splitting the subgraph of p into N adjoining intervals of mass
I = 1/N and to choose =¥ to be the extremes of these intervals. Note that z2’ =
inf(supp(p)) and z¥ = sup(supp(p)), for any N, i.e., that all discretizations share
the initial and final points. Moreover, we will show in Proposition 4.6 that this
discretization ensures L!-convergence of the Eulerian discrete density p®% (0, z) to
D

In our contribution, instead, we only require weak convergence of the Eulerian
discrete density pV(0,2) to p. In particular, we accept discretizations in which
the ¥ (0) do not belong to the support of the initial datum p: as an example, it
may well happen that x{) (0) # inf(supp(p)) and z¥(0) # sup(supp(p)). Since weak
convergence does not provide information on the position of the initial and final
point of the discretization scheme, we are forced to add the condition of uniformly
bounded initial support (6).

A very similar result is obtained for dense traffic regions (i.e., away from the
vacuum) in [14, Theorem 2.5], [15, Theorem 4.1], where instead it is assumed the
following: the L' convergence of the inverse Lagrangian discrete density y™V(0)
(see Definition 3.3 below) as N — co; that ¥ (0) has uniformly (in N) bounded
total variation; and that the discrete density p®~(0) is uniformly bounded away
from zero. Moreover, in the same non-vacuum setting, [15, Lemma 3.1] provides
an L' stability estimate for different discretization schemes. In our contribution, in
Theorem 1.2 we are essentially providing a result showing that weak convergence
implies strong convergence, even for initial data possibly containing vacuum regions.
In Theorem 1.4, we provide the stability of two different discretization schemes p®
and p¥ N, by exploiting the fact that weak convergence combined with a control of
the total variation implies strong convergence. Weak convergence here is ensured by
condition (10), which is based on the discretization scheme only. Such an hypothesis
is assumed for instance in [14, (2.11)] in the case of initial data p € BV (R) away
from vacuum.

Finally, in [18, Theorem 3.6], the authors provide a Cauchy property and the
rate of convergence of a Eulerian microscopic density for non-local conservation
laws. Also in this case, the result holds with a specific discretization scheme of the
initial data p € L'(R) N L>°(R) that satisfies p > 0 and [p|2|p(x)dz < oo. This is
given in the form of a microscopic stability between p® and p%M, for M,N € N
large enough. The main idea is that the Eulerian microscopic density is a quasi-
entropy solution of the conservation law. The generalization of our results to non-
local conservation laws seems interesting, since they are somehow more naturally
connected to microscopic dynamics, e.g., via the mean-field limit. This is a future
research topic that we aim to address.
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2. The Follow-the-Leader model. In this section, we introduce the Follow-the-
Leader (FtL) model and study its behavior. This is a classical model for road
traffic on a one-lane road with no overtaking, see e.g., [5, 12]. The goal here is to
investigate its stability properties with respect to the initial data. We first define
the dynamics of the positions of vehicles z;(¢), then consider the associated discrete
density p;(t), and finally introduce the inverse discrete density y;(t). For each of
these quantities, we analize the dynamics and some useful properties.
We start by considering N + 1 vehicles, of length [, with initial positions

o << 2y (16)
satisfying
1
TNy — T >, with [ = ¥ (17)

This standard condition ensures non-overlapping of vehicles.
We now define the FtL dynamics.

Definition 2.1. The FtL. dynamics is
N

iN = Umaz>
l
N .
xj = <M> y for ] = O, ,N — 1, (18)
xjv(O) =zV, for j =0,..., N,

J
where the initial positions Z} satisfy the condition (17).

The FtL model describes the evolution of each vehicle xjv , which adapts its speed
based on the distance to the vehicle immediately in front xé\g_l. We now introduce
the corresponding definition of discrete density and of its dynamics.

Definition 2.2. Given {I;V(t) §V:0 a solution of (18), define the discrete density as

l
0O =

Because of (18), the discrete density satisfies the dynamics

j=0,..,N -1 (19)

p'%—l = —N(p%71)2 (vmax - U(f’%—l)) )
pjv = ]\7(p§\’)2 (v(p;\[) - v(pﬁ_l)) , for j=0,..,N —2, (20)
Py (0) = py, for j=0,..,N —1,
where the initial data is
l

_N .

J e v for j=0,...,N — 1.

Tz -

We finally consider the inverse discrete density introduced in [14].

Definition 2.3. Given {2z (t)}}_, a solution of (18), define the inverse discrete
density as

N N
HOES = — j=0,..,N—1. (21)
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Because of (18), the inverse discrete density satisfies the dynamics

y%—l =N (vmax - ( ))

gy =N VM) -VY)), for j = 0,.., N — 2
N N Tt =)

Y; (0) = i = %, for j=0,...,N — 1,

where the velocity of the inverse discrete density is defined by

()

Here, the first equation of (22) prescribes that the inverse discrete density of the
leading vehicle evolves with the maximum velocity

V(yn) = v(0) = vmax, (23)

which could be viewed as setting “y& = +00”, corresponding to an empty road in
front of the leader 2. As a consequence of (Vl), the velocity of the inverse discrete
density satisfies the conditions

V € Lip([1, +00)) with Lipschitz constant L, V(1)=0, V is increasing.

Remark 2.4 (Discrete minimum/maximum principle). The solution of the FtL
model (18) and the corresponding discrete density (20) satisfy a discrete mini-
mum/maximum principle. This is the microscopic version of the well-known maxi-
mum principle that applies to solutions of (5); see, for example, [8, Theorem 6.2.7].
Indeed, the following estimates hold:

min (x;\g_l(t) - :EN(t)) >  min (:Eﬁ_l — a_sjv) >1;

j=0,...,N—1 j=0,...,N—1 (24)
N N - _N
j:OI,I.l..a,)Jiffl(xj—'—l(t) —z;' (1) TN — Tp +tVmax -
Thus, by virtue of (17)-(19), we also deduce
N _N
: < S <. 2
jmax  py(t) < max  py < (25)

A proof of (24) can be found in [10, Lemma 1]. Similarly, the solution of the discrete
inverse density (22) satisfies a discrete minimum principle due to (24). Indeed, it
holds

min ij(t) >  min gjv > 1.

§j=0,..N—1 ~ j=0,..N—1

In the same spirit of [14, Lemma 2.3], we now prove a stability estimate for two
different solutions of (20).

Proposition 2.5. Consider two solutions {:cjv(t) é‘\f:o’ {iév( ) NO of (18), with
initial positions {i;v}év:() , {azzév}évzo , respectively. Let {pév(t) = o { Nt )}N ! be
the corresponding discrete densities defined by (19), and let {yj (t )}7 o0 s 1Y; Nt jvzol

be the corresponding inverse discrete densities defined by (21). Then, there holds

N-1 N-1
STV @) - N1 < > o) —gN ) vi=o. (26)
=0 =0



STABILITY OF FTL 9

Proof. Throughout the proof, we drop the superscript N for simplicity of notation.
We consider two solutions of (22) parametrized by two different variables ¢ and
7, and use the Kruzkov’s doubling of variables method to provide the contraction
estimate for the inverse densities. We finally rely on the maximum principle for the
discrete densities to conclude. With this aim, we define

Vi) =V(y(),  Vi(r) = V(g;(7)).
We then notice that, for j =0,..., N — 2, it holds
%ij(t) = §; ()| = Nsign(y; () — ;(7)) (Vi1 (t) — Vj(1)),

L 1y(0) — 55(r)| = N sign(ys (1) — G5 ()T r) — Vi (7).
Therefore, we deduce that, for j =0,..., N — 2, we have
(& + ) - (o)
= Nsign(y; (1) — (D) [Vi1 () = V3(t) = Via(7) + V5(7)]
= N [~ sign(y; (1) = (D) (V;(t) = V(7))
+sign(y;1(t) — G541(7) (Vi (8) = Viga (7))
H(Vi1(8) = Vi () sign (s (t) — 55(7)) = sign(y1 () = G4 (7))

< N = sign(y; () = () V(1) = V(7))

sign(ys1(t) = Gi1(D) (Viaa(8) = Vi (7)] (27)
The last inequality can be recovered as follows:

o If

y;(t) = g;(7) and y;11(t) < Gj41(7), (28)
then one has
Vit1(t) = Vi (1) <0, sign(y; () — 7;(7)) — sign(y;+1(t) — Jj41(7)) = 0.

o If

y;(t) < 9;(7) and y;1(t) = Gj41(7), (29)

then one has
Vi (t) = Vi (1) 2 0, sign(y; (1) — g;(7)) — sign(y;+1(t) — g42(7)) < 0.
e Otherwise, if neither (28) nor (29) are satisfied, then one has
sign(y; (t) — 45 (7)) — sign(y;41(t) — §41(7)) = 0.
Summing up the inequalities in (27) and by the monotonicity of V', we find
N2 )
S (g g ) 150 = B0 < Nsign(anv-1(6) = -1 (7)Viv-1(6) = Viv-a ()]
7=0
— Nsign(yo(t) — o (7)) [Vo(t) — Vo(7)]
< Nsign(yn—1(t) — in-1(7))[V—1(t) = Vw1 (7)].
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On the other hand, for j = N — 1, it holds

(i + C;i) lyn—1(t) = gn—1(7)]
= Nsign(yn—1(t) — Gn—1(7)) [Vmax — VN—1(t) = Vmax + Viv—1(7)]
= Nsign(yn-1(t) = gn-1(m) [V-1(7) = V-1 (1)].
Therefore, we conclude that
N-La ]
;;Qh+w)wxw—wvn<a (30)

Relying on (30), we can complete the proof with the same arguments of the proof
of [14, Lemma 2.3]. Namely, multiplying (30) by a non-negative test function ¢(¢, 7)
with ¢ € C§°((0,00) x (0,00)), and then integrating by parts, one obtains

/ / (61 + ¢r) Z ly; (1) 7)|dtdr > 0. (31)

Next, choose

t+ 7

otr) = (57 ) nte = 7).

where ¢ € C§°((0,00) x (0,00)) is a non-negative function, and 7 is a standard
mollifier converging to the Dirac delta at the origin as € — 0. Then, plugging this
test function in (31) and sending € — 0, we get

/ P (t Zlyg (t)|dt >0 (32)

Now, taking 1 in (32) to be a smooth approximation of the characteristic function
of the interval (t1,t2) C (0,t) we get

N-1 N-1
D lyit) = G5(t2) < D lys(ta) — §5(ta)]. (33)
§=0 j=1
Then, letting t; — 0 and t2 — ¢ in (33), we obtain
N-1 N-1
D 1y = 3O Y [y; (0) = §;(0)]- (34)
i=0 =1
Finally, by using (34) and the maximum principle (25), we find
N-1
lpi(t) — p;(t)|= Z p;(t)p;(t) ly;(t) — 7; ()] <
J=0 =
N-1 N-1
lyi(t) = 9;(1)] < > 1y;(0) = g;(0)],
3=0 3=0

thus establishing (26). O
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Remark 2.6. In [14, 15], the authors established the contractive estimate (34)
assuming a uniform bound on the inverse discrete density yfv (0) and on the total
variation of the corresponding inverse Eulerian discrete density %" (see Defini-
tion 3.2 below). The estimates in [14] were obtained in two settings:

e either they assume to have infinitely many equally spaced vehicles in front of
the leading one located at 7, with a distance M/N between two consecutive
ones, for some constant M > 1,
e or they assume that the location of the vehicles is periodic in an interval [a, b],
so that the distance between the vehicle located in 2% and the one located at
oV is (b —2l) + (2 — a).
This corresponds to defining the inverse discrete density related to the leading
vehicle as

N = {M in non-periodic case,
N =

N(b—xzn+ 21 —a) in periodic case.

In the non-periodic setting, this definition leads to prescribing the velocity

1
v =o(5;)
for the inverse discrete density in front of the leader. Here, instead, we obtain the
contractive estimate (34) by observing that &8 = 4, in (18) implies the first
equation in (22) with V given by (23). Therefore, Proposition 2.5 provides an
extension of [14, Lemma 2.3], in the non-periodic setting, to the case “M = 400”
corresponding to an empty road ahead of the leader, and removing any boundedness
assumption on yjN (0) and on the total variation of y=V.

Finally, we recall the discrete Oleinik-type condition proved in [10, Corollary 1
of Lemma 6] in the case of the particular discretization scheme considered therein,
which remains valid for a general discretization scheme. Such one-sided estimate
yields the uniform bounds on the total variation of the discrete densities stated in
Proposition 3.4-(ii) below.

Lemma 2.7 (Discrete Oleinik-type condition). Consider a solution {z (t)}N.,

of (18), and let {pjy(t)}f:])l be the corresponding discrete density defined by (19).
Assume that v satisfies (V1) and (V2). Then, for any j =0,..., N —2, there holds
v(ppi (e (1)) — (e (627 (1)) _ 1

<

el () — 2N (1) t

vt >0.

Proof. The proof in [10, Corollary 1 of Lemma 6] is completely independent of the
initial profile {z¥(0)}}_, and on the initial discretization {p}(0)}_. It depends
solely on the dynamics given by (20). O

3. Eulerian and Lagrangian densities. In this section, we present several dif-
ferent densities that approximate the solution of (5). They have a simple structure,
being either piecewise constant or a combination of Dirac deltas. This section is
mainly based on the analysis developed in [10].

We first introduce the Eulerian discrete density, which can be understood as a
discrete approximation of the solution of the LWR model (5), based on the dynamics
of the FtL (18).
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Definition 3.1. Given {xév(t)}jvzo solution of (18), define the Eulerian discrete
density as

2
L

pP N (t, ) = Py (X2 (1,0, (1) (%), (35)

J

where the pév are defined by (19).

i+1

I
<

Notice that the Eulerian discrete density can be seen as a quasi-entropy solution
to (5), as discussed in [18]. We now define the inverse Eulerian discrete density and
the (Dirac) empirical measure.

Definition 3.2. Given {z(¢)}}L, solution of (18), define the inverse Eulerian
discrete density as

N-1

yPN(tz) = Z yj’v(t)X[va(t),xﬁl(t))(m)v r €R,
§=0

and the (Dirac) empirical measure as

;-.

1 N—
pD N xg(t S R? (36)
7=0

where the yév are defined by (21), and ¢, denotes the Dirac delta at point x.

We finally define the Lagrangian discrete density and the inverse Lagrangian
density. The latter can be understood as a piecewise constant approximation of
the solution of the Lagrangian version of the LWR model; see [14]. We recall that
l=1/N.

Definition 3.3. Given {xév(t N, solution of (18), define the Lagrangian discrete
density as
N-1

Py (OG0 (2), z€0,1], (37)
7=0

and the inverse Lagrangian discrete density as
= Z y] X[jl (F+1)1 )( ) ze [Oa 1}' (38)

The coordinate z € [0,1] can be seen as a Lagrangian mass coordinate. As
pointed out in [14], the integer part of 7 measures how many vehicles are located
to the left of z.

Notice that, while the L' norm of the Eulerian discrete density p® 'V represents
the total mass of vehicles, the L' norm of the inverse Lagrangian discrete density
y™™N provides the measure of their support. Indeed, given {z}(¢)}}_, solution of

(18), it holds

- N-1

[ ||L1 o) = Z yN(t) 1= oo () — 2 (t) =2y (t) — 20 (t).  (39)
=0

<.
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Therefore, if {zé\' (t) ;»V:O satisfy the condition of uniformly bounded initial support
(6), relying on the discrete maximum principle (24), we deduce that the corre-
sponding inverse Lagrangian discrete density 3" (¢) has a bound in L'([0, 1]) that
is uniform with respect to N, for all ¢ > 0.

The discrete Eulerian and Lagrangian densities enjoy a bounded variation (BV)
contraction property in the case of initial data with bounded variation, and uniform
BV estimates for initial data with velocity satisfying assumption (V2). These results
are established in [10, Propositions 5-6] (see also [9, Propositions 1-3]), and collected
in the next proposition.

Proposition 3.4. Assume that v satisfies (V1). Let {xf(t)}fzo be a solution of
(18). Consider the corresponding Eulerian discrete density pPN € L>°(]0,+o00) x
R; [0,1]) defined by (35) and the Lagrangian discrete density p©N € L>([0,4+00) x
[0,1]) defined by (37). Then, the following holds:

(i) if p € BV (R), then

TV (p"N(t); R) = TV (o™ N (t); R) < TV (p®(0); R) Vt>0, YNeN,;

(i) if the velocity function v satisfies (V2) and p € L>®(R), then, for any § > 0,
there exists a constant C' > 0, depending on 8, such that

sup TV (pE’N(t); ]R) <C, sup TV (pL’N(t); ]R) <C, VNEeN.
t>5 t>5

Proof. We prove statement (i) by proving that

d
&TV(pE’N(t)) <0, Vt>0, VNEN.

It is sufficient to apply the exact same computations of the proof of [10, Proposition
5], which are independent on the particular initial discretization scheme {xév (0) év:().

We prove statement (ii) by following the exact same computations as in [10,
Proposition 6], that are also independent on the particular initial discretization
scheme {ij(O) é’V:0~ By relying on Lemma 2.7, we find that, for any N € N and for
all t > 6, it holds

TV (0 (0PN (1)) 3 R) = TV (v (0“V (1)) s R) < [y,vmax + QM}

- )
S |:3vmax + 2H1€8§(f{):| 3
0
In the last inequality, K is the bounded set such that (6) holds. Since v is invertible
and (v™1)’ is bounded because of condition (V1), statement (ii) follows. O

3.1. Cumulative and pseudo-inverse functions. We now define the cumulative
distribution of a function and the corresponding pseudo-inverse function.

Definition 3.5. Consider the space of probability densities
P.(R) := {p Radon measure on R with compact support with p(R) = 1}.
Given p € P.(R), define the cumulative distribution F, : R — [0, 1]:
F,(x) = p((—o0,x]), z €R, (40)
and its associated pseudo-inverse X, : [0,1] — R as

X,(z) =inf{z e R : F,(z) > z}, z € [0,1].
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Observe that F), is non-decreasing and right-continuous.
We recall that the one-dimensional Wasserstein distance can be defined using the
cumulative or the pseudo-inverse functions, see e.g., [22].

Definition 3.6. The one-dimensional 1-Wasserstein distance is
Wi(p,p) = |IF, — Fﬁ”Ll(R) =X, - Xﬁ”Ll([OJD : (41)

Recall that the discrete density pV is a probability measure in P.(R). We can
apply Definition 3.5 to p®% and find that its cumulative distribution takes the
form:

x
Foen(t,z) = / pEN(t,y)dy

N-1 (42)
=D [+ 0 (0@ = 25(0)] Xiws 1),0541 () (&) + X (1), 400) (@):
=0

Notice that the cumulative distribution F,z~ is 1-Lipschitz in the z-variable. The
corresponding pseudo-inverse takes the form:

N-1 .
Xpe(t,2) = 3 [N (1) + [,Néf] Xt () + PN O] vy ) =€ 0,1
j=0 J

(43)
The pseudo-inverse X,z .~ satisfies
pL’N(t, Z) = pE’N(ta XpE=N (tv Z))v yL7N(t7 Z) = yE’N(ta XpE’N (ta Z))
for all t > 0, z € [0,1]. The cumulative function F,e.~ then satisfies
PPNt Foen (t,2)) = pP N (t2),  y" N (t, Few(t,2) = y" N (¢, 2) (44)
for allt > 0, z € [0,1]. Relying on (42) and (44), one deduces that
d 2
L,N _ E,N _ || BN
o Oll oy = [ 75 (€0 G Pty do = 0P 0o, -

Similarly, if we apply Definition 3.5 to the (Dirac) empirical measure p?V, the
cumulative distribution takes the form
N-1
FpDW (tv x) = Z [(] + 1)” X[xj(t),:cj+1(t))(x) + X[xN(t),-‘rDO)(m)' (45)
j=0
The corresponding pseudo-inverse takes the form:
N—1
Xppon(t,2) = Z [mjv(t)] Xt G+ (2) + [w%(t)} x{13(2)- (46)

Jj=0

3.2. Evolution of the supports. In this short section, we provide a first rough
estimate on the support of all the functions defined above. The starting point is
condition (6), which ensures the existence of a uniformly bounded initial support
for the x;.

Proposition 3.7. Let {x§v ()}, satisfy the condition of uniformly bounded initial

7=0
support (6) for some set K C R. Let vpq, be given by (3). For each T > 0, define
Ky := K+ [0,TVmaz) = {z + 2z such that x € K,z € [0, TVmaz]}- (47)

It then holds
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E,N LN
pr(t, ) yh N (¢, 2)
3 e————— o
7% vi(®) L —
Pb(t) ¢——0 vl ¢ °©
Pt o va(t) &—0
P5 () — () [ ——
23 (1) P OB 0) 23 ()2 (1) 0 F 3 2 !
D,N
po ()

x4 (t) z(t) z3(t) x3 (el (t)x

FIGURE 2. The Eulerian discrete density, the inverse Lagrangian
discrete density and the (Dirac) empirical measure profiles (N = 4).

(i) N(t) € Ky for all N €N, i=0,...,N, t€[0,T);
(i) supp(p™ N (t,-)),supp(y® N (t,-)),supp(p” N (t,-)) C K1 for all t € [0,T];
(iii) F,e.n(t,x) = Fyp.n(t,x) =0 for all v < inf(K) = inf(K7) and
Foen(t,x) = Fypn(t,z) =1 for all x > max(K7) = max(K) + Tvnaz-

Proof. Statement (i) is a direct consequence of the fact that &; € [0, vmax) in (1),
(3). Statements (ii)-(iii) are then direct consequences of the definitions. O

3.3. Convergence results for the cumulative and pseudo-inverse func-
tions. We now recall some results about the limits of X ,p.~, X,p,~, F, e~ and
F,p.~, first given in [10]. The proofs are valid for any initial data {z}(0)}/, of
system (18) that satisfies the condition of uniformly bounded initial support (6).

Proposition 3.8. Let {«} (t)}), be a solution of (18) that satisfies the condi-
tion of uniformly bounded initial support (6). Consider the corresponding Eulerian
discrete density pPN € L>([0,+00) x R;[0,1]) defined by (35) and the (Dirac)
empirical measure pPN € L>([0,400); Wi(P.(R))) defined by (36). Let F,e.n,
Xpe.n, Fopn, X,p~ be the corresponding cumulative distributions and pseudo-
inverses defined by (42), (43), (45), and (46), respectively. Then, the following
holds:
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(i) there exists a non-decreasing function X € L*([0,400) x [0,1]) such that, up
to a subsequence, both {X e~} and {X 0.~ }n converge to X in L}, ([0, +00)
x [0,1]);

(i) define the map F : [0,+00) x R — [0,1] as

F(t,z) == meas{z € [0,1] : X(¢t,2) < z}, t>0, z €R, (48)

where X(t,z) is given by statement (i). Then, up to a subsequence, both
{F,ev}n and {F,o.~}n converge to F in Li ([0, 4+00) x R).

loc

Proof. See [10, Propositions 1-2, Lemma 4] with L = 1, and R = 1 (due to the
maximum principle (24)), using their notation. O

Remark 3.9. Notice that, differently from the results in [10], Proposition 3.8
here only states the convergence of {XpE,N }NEN’ {XpD,N }NGN and {FpE,N }NGN’
{FpD,N } Nen Up toa subsequence, which is obtained relying on Helly’s compactness
theorem. In [10], the authors conclude that the whole sequences {X PN } NeN?
{X oD N } Nen converge, exploiting the fact that their atomization scheme for the FtL
model guarantees that X,p.v+1(t,2) < X,p.~(t,2) for all £ > 0 and z € [0,1]. In
turn, by the definition of the Wasserstein distance (41), the convergence of the whole
sequences {XPE,N }NeN and {XPD,N }NeN yields the convergence of {FPE,N }NeN

and {FPD,N }NEN'

We now provide a refinement of Proposition 3.8-(ii).

Proposition 3.10. Consider two sequences {F,e.~}n, {F,o.~}N of cumulative
distributions associated to the Eulerian discrete density pPN and to the (Dirac)
empirical measure pPN | respectively, that converge to a function I defined by (48),
which is Lipschitz continuous with respect to x. For any t > 0, let p(t) be the
distributional derivative of x — F(t,x). Then, the following holds:

(i) p(t) € P.(R) for allt >0,

(i1) 0 < p(t) <1 for almost every t >0 and z € R,
(iii) {pPNYn and {pPN} N converge to p in LL ([0, 4+00); Wi (P.(R))).

loc

Proof. See [10, Proposition 3] with L = 1, and R = 1 (due to the maximum principle
(24)), using their notation. O

Remark 3.11. Given a map F : [0,4+00) x R — [0,1], denote with p(t) the dis-
tributional derivative of z + F(¢,z), and assume that p(t) € P.(R) for all ¢ > 0.
Then, if we consider the cumulative distribution F),;) as defined in (40), one has

Fyy(x) = F(t,z) for ae zeR.

Lemma 3.12. Let {2} (t)}]_ be a solution of (18), and consider the Lagrangian
discrete density pL-N € L>([0,+00) x [0,1]) defined by (37). Then, there ewists
p¥ € L*([0,T] x [0,1]) such that, up to a subsequence, {pL’N converges to p*
weakly-* in L ([0, +00) x [0,1]).

NeN

Proof. See [10, Lemma 5] with L = 1, and R = 1 (due to the maximum principle
(24)), using their notation. O
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4. Proof of Theorem 1.2. In this section, we prove the first main result of this
article, i.e., Theorem 1.2. With this goal, we first recall standard tools to study
the Cauchy problem (5): the definition of weak solution and classical results of
existence and uniqueness of entropy solutions. Then, after proving a technical
lemma, we present the proof of Theorem 1.2.

Given the Cauchy problem (5), we recall the definition of weak and entropy weak
solution.

Definition 4.1. A function p € L*>(]0,4+00) x R) is a weak solution to (5) if it
holds
|| ttrentta) + ltapulott. ot aat da+ [ paypl0,2)d =0
+

R
for all ¢ € C°([0,+00) X R).

Definition 4.2. A function p € L*°([0,+00) X R) is a Kruzkov’s entropy solution
to (5) if it satisfies the entropy inequality

// [p(t, ) — k| (t, ) + sign(p(t, x) — k)[f (p(t, 2)) — f(k)]pa(t, z)]dtdx
R JR, »
+ [19@) = e 0,)de > 0

R

for all ¢ € C2°([0,400) x R) with ¢ non-negative, and for all constants k € R.

We now present two well-known results about the existence and uniqueness of
the weak entropy solution to the Cauchy problem (5).

Theorem 4.3 (Uniqueness of Kruzkov’s solution, [16]). Assume that the fluzx f(p)
is locally Lipschitz. For any given initial data p € L°° with compact support, there
exists a unique Kruzkov’s entropy solution p € L>([0,+00) x R) to (5).

Theorem 4.4 (Chen and Rascle’s entropy solution, [6]). Assume that the flux is
genuinely nonlinear almost everywhere, i.e., there exists no nontrivial interval on
which the flux f(p) is affine. For a given initial data p € L™ with compact support,
there exists a unique weak solution p € L*°([0,+00) x R) of (5) in the sense of
Definition /.1 that satisfies the entropy inequality

| lott) = klgatt.a) + signlp(t. ) = (£ (8. 2)) = FENpo(t,)) e > 0
+ (50)
for all ¢ € C((0,400) x R) with ¢ non-negative and for all constants k € R.

Moreover, p is the unique Kruzkov’s entropy solution to (5).

In Theorem 4.4, we see that, if the flux is genuinely nonlinear almost everywhere,
the uniqueness of entropy solution is preserved for a relaxed notion of entropy
solution, which does not require the entropy inequality (49) to be satisfied at ¢t = 0.
This is due to the fact that the nonlinearity of the flux ensures the existence of a
strong trace at ¢ = 0 of a weak solution to (5) in the sense of Definition 4.1.

We now present the following lemma, which is used in the proof of Theorem 1.2.

Lemma 4.5. Consider a function f € L'(R) N L*®(R) which is 1—Lipschitz. It

holds
11l oo @y < A/ Il gy
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Proof. Since |f| is 1-Lipschitz, for every Z € R, it holds
|f(z)|= max{|f(Z)|-|z — 2|,0} VzeR.
By integrating in space, it holds

1l ey = / F(@))de > / max{|f()| -z — 7/, 0}dz = | f(@)]".

Take now Z,, such that lim, 1 co|f(Zn)|= ||fllz®). By passing to the limit, we
have

1Al 22wy 2 nBTOJf(j”)F: Hf”QL‘X’(R)a
and thus the result follows. O

We are now ready to provide the proof of the first main result of this article.

Proof of Theorem 1.2. Consider the Eulerian discrete density pV € L°°([0, +-00) x
R; [0, 1]) defined by (4). To ease notation, we set

FN(t) = F,e.v ), (51)

from now on, where Fj,,~ denotes the cumulative distribution of pPN given by (42).
Let F(t,z) be the function defined by (48), which is equal to the cumulative distri-
bution F,)(z) of its z-distributional derivative p(t) (see Remark 3.11).

The proof is based on two steps.

1. In this step, we prove that {pE’N}NGN, up to a subsequence, is a Cauchy
sequence in L{, ([0, 4+00) x R), under either assumption (H1) or (H2) in Theorem
1.2. Thus, a subsequence of {p* N}NGN converges in L ([0,4+00) x R) to some
limit function p € L{ ([0, +00) x R).

Recall by Propositions 3.8-3.10 that, up to a subsequence, and for every 7" > 0,
it holds

lim W (PPN (t), p(t))dt = lim |7 (t)

dt=0. (52)
N—+o0 N—+oo Jg

Ol gy
Since FN, FM are monotone non-decreasing and 1—Lipschitz in the z variable,
then also the function F¥ — FM is 1—Lipschitz in the z variable. Therefore, by
Lemma 4.5, it holds

[EN (#) = FM (1)]| o < \/HFN(t) ~ FM(t)| g YN,MEN, Vit>0.
(53)

It moreover holds supp(FN (t) — FM(t)) C Kr, supp(pZ N (t) — pPM(t) C K7, for
all t € [0,T], as a consequence of Proposition 3.7. Integrating by parts, we find

[PV (t) — P 1)
R

*/di(FN( z) — FM(t,2)) (p" N (t,z) — pPM(t,2)) dx

= —/]R (FN(t,x) — FM(t, z)) di( Nt ) — pPM(t,2)) da
<||FYE) - FY() HLOO(]R) TV (p” - pPM(t);R)
< HFN(t) — FM(t) HLOO(IR) [TV (p* N(t) R) + TV (p”M(t);R)] .
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By Holder inequality and by using (53), we thus get that for all N, M € N, and for
all ¢ > 0, it holds

t) - pEVM(t) HiQ(]R)

||L°°(]R) [TV (p"¥ ();R) + TV (p"M (); R)]

< meas(Kr) /[N () = FM ()] gy [TV (07N (1 R) + TV (07 (1) )]
(54)
The further treatment of this inequality is now addressed by considering separately
the two cases of assumption (H1) and (H2) in Theorem 1.2.

107 0) = 0" M (1) gy < meas(Kr) [ o™
< meas(K7r) HFN FM

Case (H1). We assume that (8) holds. Because of the BV contractivity property
enjoyed by pPN and pPM (see Proposition 3.4-(i)) and relying on the hypothesis
on the total variation of pV(0) and pM(0), it holds

TV (p"N () R) + TV (pPM(t);R) < TV (p”N(0);R) + TV (p”M(0);R) < 2C.
Thus, we deduce from (54) that, for all N, M € N, and for all ¢ > 0, it holds

||pE’N(t) o E,M

PPN (B)|[} 1 gy < 2C meas(Kr) \/HFN — FM()| iy (55)

Notice that, by Holder’s inequality, we have

[ TG ETO gt

1202 oz [N ®) = FY Ol |

IN

L2([0,T7)

T
\/T\//O [EN(E) = FM @) 1 ) dt- (56)

Then, integrating (55) in the time interval [0, 7] and using (56), we find that for all
N, M €N, it holds

T
| 1P @ = o ) oy

< ZOmeaS(KT)\/T\//T [N (t) — FM ()| 1 gy di-

Finally, by Holder’s inequality, we derive from (57) that

T
[ 180 =0l VT [ 150 - 0

2C meas(Kr) - T4 (/0 [FN () = FM(0)]| 1 gy dt) )

Therefore, in Case (H1), the convergence result (52) implies that, for every T > 0,
the sequence {pE’N}NeN is a Cauchy sequence in L'([0,T] x R).

Case (H2). We assume that (V2) holds. By Proposition 3.4-(ii) and Proposition
3.7, for any fixed T, > 0, there exists a constant Csr > 0 such that, for all
N, M € N, it holds

sup [TV (pE’N(t);R) + TV (p EM (), R)] < Csr.
te[s,T]
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and supp(pP N (¢)), supp(p?M(t)) C K¢ with K compact, given by (47).
With the same analysis in (54), (55), it thus follows that, for all N, M € N, and
for all t € [§,T], it holds

E,N E,M
meas(Kr) sup [TV ("N (1R) + TV (0" M (0:R)] {IFY (6) = FM ()] sy
te(s,T]
<2Cs7 meas(KT)\/ IEN (£) — FM (8[| 1 ). (58)

Integrating in the time interval [§,T] and using the Holder’s inequality as in the
previous step, we then find that, for all N, M € N, it holds

T
| 1P @ = o0 gyt <

T
2Cs,r meaS(KT)\/T\// [EN () — FM (@) 11 (g, dt,
S
and

T
Lé 1o () = PP @) 1y dE <

1

T 1
2Cs,r meas(Kr) - (TB/ [FN(t) — FM(t)HLl(R) dt) : (59)
5
Observe now that, for any fixed e > 0, setting d. := ¢/(2 meas(Kr)), we have
66
€
/O 15 (1) - pE’M(t)HLl(R) dt<s, VN,MeN. (60)

On the other hand, the convergence result (52), together with (59), implies that
there exists N(e) > 0 such that

T

€
/5 15 (1) - pE’M(t)HLl(R) dt<g, VNMz N(e). (61)
Therefore, combining (60)-(61), we find that, also in case (H2), for every T > 0, the
sequence { pt is a Cauchy sequence in L([0,T] x R). Then, we conclude as
in case (H1).

2. In this step, we show that the function p determined in the previous step is
the (unique) weak entropy solution of the Cauchy problem (5), and that actually
the whole sequence {p® N}NeN converges in Li ([0, +00) x R) to p.

Recalling that {p®"(0)} ; weakly converges to p by hypothesis (7), and fol-
lowing the same procedure as in Step 1-Case 1 of the proof of [9, Theorem 2|, we
deduce that p is a weak solution to (5) in the sense of Definition 4.1. Furthermore,
it also holds that p satisfies the entropy inequality (50) by applying the exact same
computations as done in the part (vi) of the proof of [10, Theorem 3]. In turn,
this implies that p is a weak entropy solution of the Cauchy problem (5), thanks
to Theorem 4.4. By merging Step 1 and Step 2, we conclude that, up to a sub-
sequence, {p" N} oo converges in Lj, ([0, +00) x R) to the unique weak entropy
solution of (5). Since, with the same arguments, we can show that any subsequence
of { pEN } NeN admits a subsubsequence converging to the unique weak entropy

€

Y ven !

solution of (5), it follows that the whole sequence { pEN } Nen converges to p. [
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If p € BV(R) satisfies the assumptions of Theorem 1.2, relying on the analysis
performed in Step 1 of the above proof, one can derive the convergence rate for
the initial Eulerian discrete density p (0) associated to the atomization scheme
introduced in [10, (19a)-(19b)]. We recall it here and prove some relevant properties.

Proposition 4.6. Let p € P.(R), with ||p o ®)< 1. Assume that v satisfies (V1).
Define ¥ (0) by (14)-(15). Let pFN(0) be the corresponding Eulerian discrete
density at time t = 0, defined as in (35). Then, the following properties hold:
()
pEN0) = p in LY(R). (62)
(ii) If p € BV (R), then there holds

_ C

for some constant C > 0 depending on TV (p; R) and on the measure of the
support of p.

Proof. We prove (i). Observe that, by definitions (14), (15), one has
w% (0) = Zmax- (64)
For any = € (Zmin, Tmax), let
NN . [N N
V(@) = 2 (0),2) ,(0),
be the interval containing x for some jy € {0,..., N — 1}, and set
I(z) :=nNnIV (x).
Then, we can decompose (Zmin, Tmax) as the disjoint union of the sets
Ty = {2 € (Tmin; Tmax) | 1(z) ={z}}, To:={2 € (Tmin, Tmax) | {2z} S I(2)}.
(65)
Notice that
lim meas(IV(z))=0 Va2cI,. (66)
N—o0
Moreover, observe that, by definitions (17), (19), (35), (15), we have

pE,N(ny) - ﬁ(.ﬁU) = m /IN( )(ﬁ(y) - ﬁ(x)) dy7 Ve (i‘minai‘m(m)
(67)

Therefore, since p € L'(R), by the Lebesgue differentiation theorem (e.g., see [11,
§ 3.4]) we deduce from (66), (67) that there holds
lim pPN(0,2) = p(x) forae. xz€7Z;. (68)
N —o0

On the other hand, by definition (65), the set Z is the union of intervals J = [z, 2]
with the property that

['75]755{]] - [‘Tj\j\, (0)’11;’\1[\,+1<0))7 VN, (69)
for some sequence of indices jy € {0,..., N — 1}. Hence, by definition, we derive
1/N 1/N
pEN(0,2) = = / < / V€ lxy,2], VNeEN,

xjNH(O)—x;\;(O) ol -y

which yields
lim pPN(0,2) =0 Vaxclzsa)). (70)

N —oc0
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Next, observe that by definition (15) and because of (69), we have

I{J zf +1(0) 1
_ IN _
/ p(x) de < / px) dx = N VN,

J z} (0)

N
which implies

z

| oz =0,
T
and thus we find
p(z) =0  forae. z€[zy,12]. (71)

Since 75 is the union of intervals of the form [z, 2/;], we deduce from (70)-(71) that
lim p®N(0,z) = p(z) for a.e. x€Zy. (72)
N—o0

Then, by the dominated convergence theorem, we derive from (68), (72) that (62)
is verified.
We now prove (ii). By the proof of [10, Proposition 4], it holds
2(i'max - a_jmin)
N

By using the notation in (51), this implies that {FY(0)}nen converges to Fj in
LY(R), as N — oo. Moreover, by [10, Proposition 5] we have TV (p¥¥(0);R) <
TV (p;R) for all N. On the other hand, relying on (62) and taking the limit as
M — oo in the inequality (54) at t = 0, with K = [Zmin, Tmax], We get that, for all
N, there holds

o™ (0
1
= HPE’N(O) - ﬁHLl(K) < V2C1(Zmax — Tmin) HFN(O) - FﬁHzI(R) (74)

= \/201 (i‘max - jmin) (Wl (pE)N(O)vﬁ)) )
where C7 = TV (p;R). Thus, combining (73)-(74), we deduce (63). O

Wi (p™M(0),p) < vV N eN\ {0}. (73)

)_ﬁHLl(]R)

ENE

Remark 4.7. Under the same assumptions of Theorem 1.2, we can also deduce
that the sequence of empirical measures {p?"} ven defined in (36) converges in

LL ([0, +oc]; W1) to the unique weak entropy solution p of (5). Indeed, fix T > 0

loc
and notice that

/w1 DN (1), () dt</ Wa(pPN (1), o5 (1) dt+/ Wa(p™N (1), (1)t

(75)
Moreover, recalling (41), (43) and (46), it holds
N-l G+
WP 005N 0) = [ XN - XNl = S [ e i
=0 j
I~ N N LN N
= LY W) - ) = § (N )~ 2 ()
7=0

Therefore, we have

T 1
Wi (PN (1), pPN (1)) = / IXEN () — XPN (1, 2)|dz <
0 0
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T(z§(0) — 2§'(0) + vmaxT)
2N '
Thanks to the condition of uniformly bounded initial support (6), it holds

T
lim / Wi (PPN (1), pBN (#))dt = 0. (76)
N—+oo 0

Observe now that, invoking Proposition 3.7, recalling (41)-(42), and using Poincaré’s
inequality, we have

WY (1), (1)) = | FN(8) — F (1) gy < Ca 07N (1) = pl0)]| ey ¥ € 10,71,

for some constant C7 > 0. Then, integrating on [0, T], we derive

T
| Wi @01 < €0 gl 1y (77

By merging (75), (76), (77) and Theorem 1.2, it holds

T
lim / Wi (PN (), p(1)de =0 VT >0,
N —+o00 0

The next Proposition shows how to define an atomization scheme {:Ejv (0) §V=0
different from the one in [10], whose corresponding initial Eulerian discrete density
satisfies the assumption (7) of Theorem 1.2. Thus, if the velocity function satisfies
(V2), according with Theorem 1.2, the scheme {i’;\'(()) 5‘\[:0 leads to an Eulerian
discrete density % (¢, z) that still converges in LlloC to the weak entropy solution
of the Cauchy problem (5). On the other hand, we also show that the initial
Eulerian discrete density associated with {i;v (O)}j\;o does not satisfy assumption
(H1) of Theorem 1.2. Hence, in this case, one would not expect that s (¢, )
converges to the weak entropy solution of the Cauchy problem (5). However, we
will discuss in Remark 4.9 some numerical simulations that seem to suggest that
such convergence holds for sV (¢, z) too.

Proposition 4.8. Let p € P.(R), with ||pl|pe®)< 1/2. Assume that v satisfies
(V1). Define {:E;V(O)}évzo as in (14)-(15). Also, define {i;v(())}jvzo as follows

¥ (0) if j is even or j = N,

#N0)=4 .~ N (78)
¥ (0) + 2N (0
! M if j <N is odd.

Let pEN(0) be the corresponding Eulerian discrete density at time t = 0, defined as
in (35). Then, the following properties hold:

(i) pEN(0) = p weak™ in L>®(R);

(i) pENE(0) » p in  LY(R), for every subsequence {p%Nx(0)}y ;

(iii) The sequence TV (57N (0)) is unbounded.

Proof. Denote with [a| the integer part of a and define N' := [§] — 1.
We first prove (i). By (15), (78), and because of definitions (17), (19), (35), we
have

N N
Toj42 (0) Z2j+2(0) 2
/ ﬁE’N(O,m)dxz/ p(z)de = = Vji=0,....,N. (79
z.(0) x37.(0) N
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In the same way, if N is odd, and thus 2L%J =N — 1, we find

v (0) v (0) 1
/ PN (0, x) do = / plx)de = N

N-1(0) N-1(0)
Consider a test function ¢ € C°(R), and set
a;»v = min o(z), bév = max o(x) Vji=0,...,N".

wee(0),2d 5 (0)] aefad (0).d),5(0)]

By monotonicity of the integral (i.e., ¢ < ¢ = [ppdzx < [¢Ypdz for p > 0), it
follows from (79) that

@25+2(0) _ 2 NN 725+2(0) “EN 2 NN
[ ewptorde e ¥ ). [ 7 pl@pP V0.0 do € lad )
z}.(0) «3%.(0)
(80)
Moreover, letting L be the Lipschitz costant of ¢, it holds
b;-v — aj—v < L(x%H(O) — x%(()))
As a consequence, we derive from (80) that

2 L(3;,(0) — 235(0))

12j+2(0) B EN
[ eladota) - 5V (0.2) do| <
z15(0)

For N even, this implies

/R (@) (p(x) — FPN (0,2)) d| <

VAN
—
8
[~}
<
+
[v)
—~
=2
8
[~}
<
—~
o
=
~

For N odd, one needs to consider also the additional estimate

L(z¥(0) — 2} 4(0))

<
- N

z N (0)
/ (@) (p(x) — 57N (0, 2)) de

N-1(0)

that anyway leads to (81). In both cases, recalling (14), (64), we deduce from (81)
that

[ et@)ipa) - 7% 0.0) o] < 2 e
R
which proves (i).
We now prove (ii). In view of Proposition 4.6-(i), in order to establish (ii), it will
be sufficient to show that

FENE(0) = pPNH(0) 0 in LM(R), (s2)
for every subsequence {3 V% (0)},. To this end, denote with p¥(0) the Eulerian
discrete densities at time ¢ = 0, defined as in (35) in connection with the scheme
{2V (0)}]Zo in (14)-(15). By (17), (19), and (78), we have

xéVjJrz(O) - xé\;Jrl(O) zéVjJrz(O) - xévj+1(0)

75742(0) = 3841 (0) = #545(0) - 5 - . ,

and

1/N
pPN(0,2) = 4

58%4_2 (0) — xévj-u (0)

2/N

xévj+2(0) - CUé\]j-|-1(0) 7

: PN (0,2) =
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for all z € [iéVjH(O), ié\gﬁ(())], and for all j =0,...,N’. As a consequence we find
£3%,2(0) 1
L0 PN 0w - PO de =g ¥i=0.
& 1(0) 2N

which yields

Y

[ [mh542(0)
/ pEN(0,2) — pP N0, 2)| do
=07 #%41(0)
1 N -1
= —(N'+1)>
2N (N +1) 2 AN
This implies (82), thus completing the proof of (ii).

We finally prove (iii). By contradiction, assume that there exists a subsequence
(that we do not relabel) such that 7V (5% (0)) is uniformly bounded. Since 5%V (0)
is uniformly bounded in L*°(R), by Helly’s compactness theorem there exists a fur-
ther subsequence (that we do not relabel) that converges in L'(R) to some function
p. Statement (i) ensures that p = p, that is a contradiction with (ii). This proves
(iif). O
Remark 4.9. Given p € P.(R), consider the atomization scheme {Z} (0)}7, de-
fbined in (78), and let {Z}Y (t)}} be the solution of (18), with traffic velocity given

Yy

157N (0) = pP N ()] 1 my

> VN>2.

| =

p .
exp | —— if p<1,
v(p) = (P - 1) (83)
0 if p=1,
according with the Bonzani and Mussone’s model [2]. Tt is clear that the associated
flux is not strictly concave, see Figure 3.

Flux for v(p) = e~

00 02 04 06 08 10

Ficure 3. Flux associated with (83).

More precisely, it holds pv'(p) = —M, which is a decreasing function in the
—p
interval [0, ¥3=1], and an increasing function in the interval [‘/52_1, 1]. Therefore,

the velocity v(p) in (83) does not satisfy the assumption (V2).
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On the other hand, we have shown in Proposition 4.8-(iii) that, letting 5% (0)
be the Eulerian discrete densities at time ¢ = 0 corresponding to {Z}Y(0)}7_, one
has that TV (5% (0)) is unbounded. Hence, neither condition (H1) nor (H2) of
Theorem 1.2 are satisfied. Thus, although 5% (0) satisfies the assumption (7)
of Theorem 1.2 (as shown in Proposition 4.8-(i)), one cannot expect the sequence
{ﬁE’N}NeN to converge to the weak entropy solution p of the Cauchy problem (5),
in general.

To investigate this behavior, we discuss here the numerical simulations corre-
sponding to the discretization scheme {Z} (t)}},, with velocity v(p) in (83), and
initial datum

1
plx) = 5x4, (@) -

The parameters for the numerical simulation are chosen as follows. We set the
space step-size Az = 0.01, time step-size At = 0.001, and the time period [0, 3].
Since the system becomes stiffer as N increases, we choose an implicit method to
numerically solve the system. In particular, we use an implicit method based on
backward-differentiation formulas (BDF) of automatically-varying order (from 1 to
5), already implemented in the Python library “scipy” as “BDF”. The general
framework of such algorithm is described in [4] and the Python implementation
follows a quasi-constant step size as explained in [21].

In Figure 4, we show snapshots of the evolution of the two different profiles
pP2(t) and pF5(t). Tt is remarkable that for some initial short period of time, the
fluxes experimented by both profiles are visibly distinct; see Figure 4a. Yet, after
some further time, both profiles start exhibiting an extremely similar behavior (e.g.,
starting at ¢ = 1 in Figure 4b). Indeed, an approximation of a rarefaction wave
can be seen on the right and a shock on the left. They then interact, thus causing
the decrease of the total variation at the interaction point. This corresponds to
the behavior at the macroscopic level. Afterward, both profiles remain in the same
configuration with decreasing density with respect to , i.e., pPN(x) < pPN (24)
with xo < x7. This property is indeed preserved forward in time by the FtL.

In Figure 5, we show the evolution in time of the L' distance (in the space
variable) between pf N (t) and pZ:N(t), for different values of N. The striking
phenomenon is that the L' distance is a decreasing function of time, with a very
strong decay as N increases. This suggests that the following result might hold for
this initial datum: for every ¢ > 0 and for arbitrary € > 0, there exists N > 0 such
that

t
L P 0 =5 0y <

In particular, it seems that the discrepancy between the approximating solutions is
arbitrarily small for arbitrarily small time. In other terms, Theorem 1.2 might be
non-sharp, and a more general result of convergence might be available.

5. Proof of Theorem 1.4. In this section, we prove Theorem 1.4, which provides
a stability result for two different Eulerian discrete densities, in both the Wasserstein
and the L' norm. Here, we compare two solutions {2 (¢)}1.,, {Z (¢)}}Z, of the
FtL model (18) and the corresponding Eulerian discrete densities p %, 52V defined
by (35).

We first state three propositions, which lead to the proof of the main theorem.
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Evolution of p=5(t) Evolution of 55(t) Evolution of () Evolution of 5(t)

— t=0.00 — t=0.00 — t=0.00 — t=0.00
—— t=0.07 —— t=0.07 10 —— t=1.00 10 —— t=100
— t=0.15 — t=015 — t=2.00 — t=2.00
— t=023 — t=023

1s 20 25 30 b 3 i
Space Space Space Space

(A) Evolution in the time period [0, 0.23] (B) Evolution in the time period [0, 2]

FIGURE 4. Snapshots of the dynamics of p¥5(¢) and p%5(¢).

05 1
— N=5

0.4 1 — N=20
— N =100

0.3 — N =500

024

0.1 4

0.0 4

0.00 0.25 0.50 0.75 100 125 150 175 2.00

FIGURE 5. Evolution of [|p®(t) — g%V (t)|| L1 (w) for N = 5,20, 100, 500.

Proposition 5.1. Given two sequences {z} }}_o {2} }}10, satisfying condition (17),
assume that % = #N. Consider the corresponding Eulerian densities p© | pPN €
L>(R) defined by (35). Then, it holds
N-1
Wi (p N, pPN) <23 faj — g — (@541 — &) (84)
§=0
Proof. For any fixed j = 0,..., N — 1, and for every z € [jI, (j 4+ 1)), recalling the
definition of y in (21), we have

|2 =2 + =30 (' = 5] =

- z—jl . .
ij—ijjLT(xﬁl—xﬁl—(ij—ij))
< Jef ]+ fefa a2
< 2o =& = (2l — )| + e — 33|
N—1
<2 3 el =@ = @y — 3| | + |2 N - 2R,
k=g

where in the last inequality we repeatedly make use of the triangular inequality

xllcv_ilﬂ < ‘ka_fllcv_(kaJrl _5511@\]+1>‘ + ’ka+1 _j;ev+1’ k=j+1,....,N -1



28 FABIO ANCONA, MOHAMED BENTAIBI AND FRANCESCO ROSSI

Therefore, by summing in j, and since z¥ = Z¥, it holds

0
N—1N-1
2 Z |ka_53kN (ka+1—53kN+1)’ +N‘$N_$N‘
k=j

3=0
N-1 N-1

< 2N ‘xjv—i‘jv (xj]\frl—ijj\frl)’ +0=22 |yJN— ~§V . (85)
=0 =0

Then, relying on (85) and recalling (43), we find

1 N—-1

/Z‘x — % —|—z—]l)( _yj)‘le G+ (2)dz

/ Z |yJ ~Y; |XJl G+ (2) Z_QHyLN ~LNHLI ([0,1])
=0

By (39), (41), this proves (84). O

Proposition 5.2. Assume that the velocity map v satifies (V1). Let {x} (t)}1,,

{a?év(t) ;-V:O be solutions of (18) that satisfy the condition of uniformly bounded
initial support (6). Consider the corresponding Eulerian discrete densities p™N

PPN € L>([0,+00) x R) defined by (35). Then, for any fived T > 0 and for all N,
it holds

sup Wi (™M (1), 57N (1)

t€[0,T]

N—1 (86)
< Wi (p” N (0), 57N (0) + +2LT D |2j41(0) — ;(0) — (541(0) — &,(0))],

=0

where L is the Lipschitz constant of v.

Proof. 1. In this step, we show that, for z € [1 —,1), it holds

1 1
e () —EN_ () + (2 = 141) <p%_1(t) - ﬁ%—l(ﬂ) =
1 1
< |aN_1(0) —EN_1(0) + (2 = 141) <pg_1(o) - ﬁ%_1(0)> s

+L/ |PN 1(8) = PN_1 )|d57

and, for all 5 =0,...,N —2, and z € [jl,(j + 1)]), it holds
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N . 1 1
w0 -0+ (- 31 (pm - mw) <
- ) 1 1
< x;V(O) —x;V(O) + (2 — 1) (;);V(O) - M) + (88)

¢
L[ (1070 =) + ) = )] )as.
To this end, first notice that (18) ensures

o (1) — TN () = 2§ (0) — ZN(0), (89)

(90)
Moreover, observe that
0< 1—%”1@ Vze[l-11],
and that, recalling (19), we have the identity
- z—1+1 z—1+1 -
(a0 - a0 (1- ) 4 S N0 - ¥ 0) -
) ) (91)
=N _ ) -2 _ )+ (—-1+1) — = .
N M pr_1(t) PN ()

Then, relying on (89)-(91), and using the Lipschitz continuity of the velocity v, we
derive that, for z € [1 —,1), it holds

N — ¥ z— L — 1

Va0 + (- 14D (p%_m ﬁ%-1<t>>‘

=¥ - ) (1- 2 2 e - 2300

= (¥ - N0+ [ o) — oo ) (1- )

which proves (87).
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Next, observe that, for j = 0,..., N — 2, one has

— 1l
<1 vaelLGH+l,  (92)

<1 and

@ -2 (1- 278) + F a0 - o)
(93)
- . 1 1
:zjy(t)fxév(t)+(zfjl) (pjv(t)ﬁjv(t)>

Then, relying on (90), (92), (93), with similar computations as above, we find that,
for j =0,...,N — 2, and for z € [ji, (j + 1)I), it holds

2N = (1) + (= — 1) (p;(t)—p;(t)ﬂ
@ -0 (1- 28 ) + w0 - o
(1= 22 [ (oo ot o) s+

2 (e ~ o)

<|@ro -z (1- 258+ 2 w0 - ahop)+
4L [ (100 = 0] + o (o) = (0] )as
< | (0) = #(0) + (= — 1) (1—1>|+

PRORA0
AL [ (1070 = 3]+ () = 7o) )as.

which proves (88).

2. By definition of the pseudo-inverse given in (43), using the bounds (87), (88)
and recalling (17), we get

1
/0 |XpE,N(t)(Z) — XﬁE,N(t)(Z)‘dZ

1 N-1 1 1
= eV (t) = 2N () + (2 —j) | = — = XTil. (3 z)dz
/0 jz::() J (t) J () +( ) P§V t) p;v(t) [Jl,(ﬁ-l)l)( )
1 N—-1

X[t i+ (2)dz

S/OZ

~ y 1 1
0 -0+ (g - )

t N—1

1
+2L/0 /0 Z ’pév(s) o ﬁév(s)’X[jl,(j+1)l)(z)d8dz
=0
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1 N-1

_ N

—/ E z X[jl,(jﬂ)l)(z)dz

- . 1 1
t N—1

2L N ~N
= 3 It = ]

Then, applying Proposition 2.5, we deduce

1
| Peo() = Xy (lds <
0

2Lt (94)
HXpEW(O) - XﬁE’N(O)HLl([O,l]) Z |yj - yj )|
Notice that, by (17), (38), we have
N—-1 1
|y=N(0) — gLJV(O)HLl([O,l]) = Z |y§V(0) - ﬂ;-v(oﬂ/o X(jt, G+ (2)dz
=0
e 9
DI A OREA]
3=0
Therefore, from (94)-(95), we obtain
| X e (t) — Xpen (1) <
P P L'([0,1]) (96)

HXPE*N(O) - XﬁE’N<O)HL1([0,1]) + 2Lt HyLN(O) - zjL’N(O)HLl([O,l])

for all ¢ > 0. By Definition 3.6, we can restate (96) in terms of the Wasserstein
distance as

Wi(pP N (2), 55N (1) < Wi(pPN(0), 577 (0)) + 2Lt [ly™~ (0) = g5 (0)[ 11 0.1y

(97)
for all t > 0. Taking the supremum in (97) over the time interval [0,7], and
recalling (39), we recover the inequality (86). O
Proposition 5.3. Under the same assumptions of Proposition 5.2, for any T > 0,
the following holds:

(i) if there exists C > 0 such that TV (p®N(0);R), TV (5%V(0);R) < C for all
N, then there exists Cp > 0 such that for all N and t € [0,T)] there holds

P20 = P2 Oy <2 i W)= B Ol

(11) if the velocity v satisfies (V2), then for any 6 > 0, there exists Cs5,Csp > 0
such that for all N it holds

TV (p"N(t);R) < Cs, TV ("N(@)R) <Cs V>4,
and for all t € [6,T] it holds

7N (8) = 57N (B)][ 1 gy < 205,T\/ sup || Fen (1) = Fpeon (7)]| 11 -

7€[0,T)



32 FABIO ANCONA, MOHAMED BENTAIBI AND FRANCESCO ROSSI

Proof. The proofs can be obtained with precisely the same arguments of Step 1
of the proof of Theorem 1.2, replacing p®M FM with p¥N FN, respectively;
see (55), (58). O

We are now ready to establish the proof of the second main result of this paper.

Proof of Theorem 1.4. The proof is based on the concatenation of the above propo-
sitions. Namely, notice that the estimate (9) is an immediate consequence of Propo-
sition 5.2. Also, observe that, by Definition 3.6, we have

| Epor(6) = Fpoon ()] 12y = Wa (0™ (), 55N ().
Applying Proposition 5.1 together with Proposition 5.3, and relying on (10), we
derive the uniform limits (11) and

lim  sup |[p®N(t) - ﬁE’N(t)HLl(R) =0, V3i>0. (98)

Then, we recover the uniform limit (12) from the limit in (98) with 6 = 1/k, for
some subsequences {p? ¢}y, {pFVe )}, constructed by a diagonal procedure. This
completes the proof of the theorem. O
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