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Abstract: This work aims to study the compressive buckling and consequent blowup of
jointed concrete pavements due to thermal rise. For this purpose, a simple and effective
mixed FEM, originally introduced for performing static and buckling analyses of beams
on elastic supports, is extended for performing a preliminary study of jointed concrete
pavements. An elastic Euler-Bernoulli beam in frictionless and bilateral contact with an
elastic support is considered. Three different elastic support models are assumed, namely a
Winkler support, an elastic half-space (3D), and half-plane (2D). The transversal pavement
joint or crack is modeled employing a hinge at the beam midpoint with nil rotational
stiffness. Numerical tests are performed by determining critical loads and the correspond-
ing modal shapes, with particular attention to the first minimum critical load related to
pavement blowup. From a theoretical point of view, the results show that minimum critical
loads converge to existing results in the case of Winkler support, whereas new results
are obtained in the case of the 2D and 3D support types. Associated modal shapes have
maximum upward displacements at the beam midpoint. The second and subsequent criti-
cal loads, together with the corresponding sinusoidal modal shapes, converge to existing
results. From a practical point of view, minimum critical loads represent a lower bound for
estimating axial forces due to thermal variation causing jointed pavement blowup.

Keywords: concrete pavement; blowup; elastic support; buckling; weak section; jointed
pavement

1. Introduction

The blowup of concrete pavements is a significant concern in the maintenance and
performance of infrastructures devoted to transportation. Blowup events are characterized
by the uplifting and cracking of concrete slabs used as pavements. They can pose serious
safety risks and lead to expensive repairs. The problem of concrete pavement blowups
was first noted and studied one century ago [1]. Many reports were proposed in the USA
during the decades after the Second World War, including surveys and discussions on
blowups in highway pavements [2-5]. Several attempts at the analytical assessment of this
phenomenon were made by different authors between 1945 and 1980 in Europe [6-8] and
Japan [9,10]. In the latter case, Kawaguchi proposed a beam model with constant friction
for both continuous and jointed pavement buckling. However, the first effective attempts
at analytically studying concrete pavement blowups were proposed in the eighties by
Kerr and co-workers [11-13]. These approaches were based on a nonlinear axial resistance
between pavement and support, with an elastic Euler-Bernoulli beam representing concrete
pavement and rigid support. It is worth mentioning that Kerr’s research interests had
already focused on similar problems such as the buckling of rails [14] and the lateral
buckling of pavements [15]. Furthermore, Kerr studied pavement blowups in the case of
adjoining rigid structures [16] and proposed a resume of his research dedicated to pavement
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blowups several years later [17]. As stated in these references, three pavement blowup cases
can be defined, namely a ‘standard’ one typical of continuous pavements, jointed pavement,
and pavement adjoining a rigid structure. Subsequent studies focused on one-way and
axisymmetric thermal buckling of continuous slabs [18] and rectangular slabs [19]. Recently,
some researchers focused on temperature effects on concrete pavements by performing
simulations with Finite Element Models (FEMs) [20] and comparing buckling analytical
predictions with field surveys [21]. Furthermore, motivated by global warming and climate
change, Bradford and Yang recently investigated continuous pavement buckling using both
analytical and FE models [22,23]. Two recent contributions on pavement buckling have
been written by Lee and co-workers [24,25] who proposed a Pavement Growth and Blow-
Up Analysis (PGBA) model addressing limitations of analytical and numerical approaches
by considering climate, pavement structure, materials, and expansion joints.

This work is dedicated to the analysis of concrete pavement blowups in case of an
existing transversal joint or crack along the pavement length. Following the considerations
of Kerr and Shade [12,13], a jointed pavement generally buckles at a lower temperature
than a continuous one, due to the weakening effect of the transversal joint or crack. Such
an effect can be present both in the case of inextensible joints and expansion joints. In the
latter case, intrusions hinder the pavement slabs from expanding. This case study is also
chosen since the buckling of a structural element on an elastic support in the presence of
a joint or crack has not been completely investigated in the existing literature, especially
from analytical and numerical points of view. The buckling of beams and plates on elastic
supports is often performed in the case of continuous superstructures [26]. In this field, only
Wang [27,28] studied the buckling problem of beams with weak joints on a Winkler support.
As is well known, the Winkler support [29] can be represented as a set of independent
vertical springs above the superstructure. Such a model is not able to account for the
effect of a force on the support far from its application point. In this work, the Winkler
support is going to be adopted to validate the proposed approach by obtaining results in
agreement with existing solutions. In addition, two more accurate elastic support models
are taken into consideration. Kerr [12,13] also suggested that buckling analysis is not the
best approach for studying the pavement blowup phenomenon, since pavement self-weight
resists the blowup effect, and the friction between the pavement and its support should be
taken into consideration. However, both self-weight and friction effects increase the axial
force causing blowup. For instance, friction is opposite to the axial force causing buckling,
whereas pavement self-weight, which is directed downwards, is opposite to pavement
blowup, which is directed upwards. In this work, buckling analyses are performed by
highlighting that results obtained neglecting friction and self-weight effects can represent
a lower bound to be considered for performing parametric convergence analyses using
more accurate models and approaches, such as nonlinear incremental tests. Furthermore,
Kerr analyses are performed by considering a rigid pavement support. This choice was
justified by a limited influence of foundation stiffness on pavement behavior. However,
both past [9,10] and recent [20-22] contributions on concrete pavement buckling considered
support elasticity. This work is going to adopt several elastic support models, also able to
converge to the condition of a rigid base.

As already stated, this work proposes a simple numerical model for the buckling anal-
ysis of jointed concrete pavements. The proposed numerical tests represent a preliminary
approach to the problem, which is treated as a simple buckling analysis of a compressed
beam with a hinge at the midpoint resting on an elastic support. The main hypotheses of the
proposed model are elastic behavior for both pavement and support, the Euler-Bernoulli
beam model for representing concrete pavement, pavement transversal joints or cracks
represented by an internal hinge without rotational stiffness, frictionless and bilateral
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contact between pavement and support, and three different models for simulating support
behavior (Winkler model, elastic half-space, elastic half-plane). Following an approach
already adopted for studying the buckling of beams on the elastic half-plane [30] and
half-space [31], numerical buckling analyses are performed to obtain a simple estimation of
the axial force induced into the pavement by a rise in temperature. The proposed numer-
ical model is a mixed FEM based on a mixed variational formulation that assumes both
beam displacements and beam—support contact reactions as the unknown functions of the
problem. Classical Hermitian shape functions are adopted for beam FEs, and piecewise
constant functions are adopted for beam—support reactions. It is worth noting that the
proposed mixed FEM is not conventional with respect to standard or commercial FEM
codes, which do not adopt mixed approaches. For instance, the pavement support needs to
be modeled in standard /commercial FEM, as was carried out in [18,20-22]. In particular, in
the Winkler model case, additional springs have to be placed under the slab [18], whereas
in the case of 2D or 3D support, a 2D or 3D mesh of FEs has to be generated [20-22], which
has to be large enough to allow displacements and stresses tending to zero far from the
beam. Hence, model generation and computational effort are larger if a standard approach
is adopted instead of the proposed mixed FEM. The comparison of the proposed mixed
approach and the standard one in the case of 2D and 3D support was proposed in the past
by the author for the static and buckling analysis of beams on an elastic support [30,32,33],
showing the accuracy and effectiveness of the approach.

Here, numerical tests are performed to evaluate the effectiveness of the model in
determining critical loads and corresponding modal shapes for varying support stiffness.
Particular attention is given to the first critical load and modal shape, which is going to be
related to pavement blowup. A comparison and a general discussion on the influence of
different support models and support stiffness will also be made.

The manuscript is organized as follows. Section 2 is dedicated to describing basic
analytical relationships adopted for representing pavement and elastic support behavior,
with particular attention to the contact between pavement and three elastic support types
(Winkler support, half-space, half-plane). Then, the mixed variational formulation for
a beam on an elastic support is proposed and the corresponding numerical model is
presented. Section 3 collects the results of numerical buckling analyses performed with the
proposed numerical model. Section 4 contains a discussion of the results and Section 5 is
dedicated to final considerations and further developments of the proposed approach.

2. Materials and Methods

As stated in the introduction, this work focuses on jointed concrete pavement blowups
(Figure 1) due to buckling in compression. In this section, the theoretical model of a
compressed beam on an elastic support is initially introduced. Even if presented, vertical
dead and/or live loads at this stage are not taken into consideration, since buckling
analyses in compression are going to be performed. The Euler-Bernoulli beam model is
considered for the pavement, whereas the contact between the pavement and support is
assumed to be bilateral and frictionless. With this aim, three different support types or
models are assumed for the pavement support, namely the Winkler model, elastic (2D)
half-plane, and elastic (3D) half-space. Then, the specific case related to jointed pavement
blowup is taken into account by considering the beam on the elastic support having a weak
joint at the midpoint. A mixed variational formulation that considers both beam vertical
displacements and vertical contact reactions as the unknowns of the problem is proposed.
The numerical model related to the theoretical one is then described by adopting a Finite
Element-Boundary Integral Equation (FE-BIE) approach, characterized by the definition
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of the compliance matrix of the elastic support, which varies depending on the specific

support type chosen.

Z

Figure 1. Buckling mode of concrete pavement with joint (hinge) [12,17].

2.1. Basic Relationships and Variational Formulation

Considering the initial condition of straight concrete pavement without blowups, the
pavement is modeled as an elastic Euler-Bernoulli beam having length L, cross-section
width b, and height &, resting on an elastic support (Figure 2). The beam is referred to a
three-dimensional Cartesian coordinate system (0, x, y, z), where 0 is placed at the beam
midpoint, x is coincident with both the beam centroidal axis and beam-support contact
line, z is directed downward, and y is aligned with beam width. Beam elastic parameters
are Young’s modulus E, and Poisson’s ratio v,. The beam is subjected to a vertically
distributed force p(x), representing dead and live loads, and to a compressive force P
at its ends, representing the force induced by expansion due to the thermal variation
BTy of concrete, with B being the coefficient of linear thermal expansion and AT being
temperature variation:

P = Ey(bh)BAT). 1)

Figure 2. Compressed beam on elastic support.

Frictionless and bilateral conditions are assumed between the beam and the elastic
support. Infinite stiffness along the beam width is also assumed, hence beam behavior
does not vary along the y direction. This hypothesis allows us to consider beam vertical
displacement v(x,y) = v(x) coincident with that of the support surface. However, this con-
dition generates a vertical reaction r(x, y) enforced on both the beam and substrate, which
cannot be constant along the y direction in the case of an elastic half-space support [33].

2.1.1. Pavement Support Models

In this work, three different types of support are considered. The first one is the
well-known Winkler model [27], which is largely adopted in the literature [26], and it is
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characterized by a stiffness parameter k that linearly correlates the beam vertical displace-
ment v(x) and support reaction, varying only along the beam length r(x, y) = r(x):

v(x) = —r(x). ()

The Winkler support can be considered a set of independent springs with the same
stiffness k placed above the beam. Such a model can be considered insufficiently accurate
for representing a support given by an elastic continuum since a vertical displacement
does not generate contact reactions far from its application point. A more realistic model
for representing the continuous elastic support of the pavement is given by an elastic
three-dimensional half-space. In this case, the Boussinesq solution [34,35] can be adopted:

1—1/
o(x.y 7 Es //dxy,xy ddy, ®)

where E; and v are, respectively, Young’s modulus and Poisson’s ratio of the half-space, and

d(x,y,2,9) =/ (x— 22+ (y— )2 @)

is the distance between two points (x,y) and (£,) on the contact surface between the
beam and half-space. In this case, half-space reactions can vary along both directions of the
contact surface, whereas the beam hypothesis considers its rigidity along the y direction,
hence v(x,y) = v(x). In a recent contribution dedicated to the buckling of slender beams
and coatings on the elastic half-space, buckling loads turned out to be strictly related to the
length-to-width ratio (x = L/b), and for decreasing such a ratio, a convergence of critical
loads to those typical of plane strain conditions was found [31].

For this reason, a third elastic support type is considered, namely the elastic half-plane.
This support type requires considering plane stress or plane strain conditions for the entire
system, which are not in full agreement with the case of a pavement modeled as a beam.
In this latter case, beam—support vertical displacements v(x) are defined in terms of the
Boundary Integral Equation known as the Flamant solution [34], which adopts the Green
function g(x,£) of the half-plane, representing half-plane surface displacement generated
by a unitary point force normal to its boundary:

2
— [ gtx2)r(@)at = = [in(x - 2) r()ds, )

with E = E; or E = Es/ (1 — v?) for plane stress or plane strain state, respectively.

It is worth noting that the main difference between the Winkler support and 3D or 2D
supports is given by the non-local relationships between vertical displacements and contact
reactions (Equations (3) and (5)), which are typical of elastic continuous supports. The
proposed comparison between the effects of the Winkler support, 3D, and 2D continuum
supports was already proposed by Biot [36] for the bending of infinite beams.

Other models suitable for representing pavement support, more realistic than the
Winkler one but able to better account for the fast decay of displacements far from loaded
regions, are the so-called two-parameter foundation models [37] and models able to account
for long-range interactions [38].

2.1.2. Jointed Pavement

One internal hinge or joint is considered at the beam midpoint (Figure 3). The hinge
allows relative rotation between the half-beams connected; it can represent, on the one
hand, an existing joint due to construction phases of the pavement, or, on the other hand, it
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can represent an existing crack due to past thermal variations or other damage conditions.
Following the procedure already adopted by Baraldi and Tullini [39], the internal hinge is
modeled as a semirigid connection with nil rotational stiffness.

P P

O <

7

Figure 3. Compressed beam with an internal hinge or joint at midpoint on elastic support.

A 4

2.2. Variational Formulation

The total potential energy of the system can be written as the sum of beam potential
energy I, including second-order effects, and support potential energy 11, as follows:

(v, 7) = (v, r) + 1s(r) = %fL [Dy v (x) — Po'(x)]dx — [, [p(x)—

[, 70 y)dylo()dx — 3 J, f, [r(x,y) o(x))dxdy, ©

where prime denotes differentiation with respect to x, and D, = E;, bh3/12 is beam
bending stiffness. Vertical displacement, as well as support reactions, can assume one of
the expressions listed in Section 2.1 for each proposed support type. It is worth noting that
integration along the beam width holds for the half-space support only. The total potential
energy of the system turns out to be a mixed functional, with unknowns represented by
beam vertical displacements and support reactions. However, the simpler case of the
Winkler support can be treated as a standard variational formulation, given that reactions
are linearly dependent on vertical displacements. Following the approach already adopted
for buckling of beams on half-plane [30] and half-space [31] supports, the constraint
equations for representing beam boundary conditions are included in the total potential
energy of the system by means of a penalty approach [40].

2.3. Numerical Model

The numerical model is defined by subdividing the beam into 1, equally spaced FEs
having length I; = L/ny. Then, ny 4+ 1 nodes are defined, and two degrees of freedom for
each node, one vertical translation and one rotation, are considered. In the same manner,
the beam-support contact surface is subdivided into portions having the same length as
the beam ones. For simplicity, this discretization is also adopted for the half-space support
case, namely without considering contact surface discretization along the beam width.
This aspect was investigated by Baraldi and Tullini both with static [33] and buckling [32]
analyses. In the latter case, it was found that the order of magnitude of buckling loads
with no discretization along the beam width was still in agreement with results obtained
with more accurate graded discretization choices if a sufficiently refined discretization was
adopted along beam length, namely 7, > 27.

Following the approach already adopted by Baraldi and Tullini [30,31,33,39], beam
FEs are characterized by classical Hermitian polynomials assumed as shape functions [40],
whereas constant shape functions are assumed for contact reactions. Then, the total poten-
tial energy of the system (Equation (6)) in discrete form can be written as follows:

1 1
I1(q,r) = EqT (K, — PKg)q—q'F+q Hr — irTGr. )
where the vector q contains the beam’s degrees of freedom, the vector r contains the contact
support reactions, F is the vector of external loads, K}, is the stiffness matrix of the beam, K¢
is the geometric matrix, and H is a matrix collecting dimensionless coefficients representing
equivalent nodal actions generated by beam—support contact reactions over the beam.
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Matrix G is the compliance or flexibility matrix of the support and depends on the type of
support chosen. Details on matrices appearing in Equation (7) are presented in Appendix A.
It is worth mentioning that in the case of the Winkler support, G turns out to be a diagonal
matrix, whereas half-plane or half-space supports lead to fully populated matrices.

The stationarity condition of the total potential energy written in discrete form allows
us to obtain the following system:

K,~PK, H|[q| |[F
IR
which is characterized by the following solution:
r=G 'H'q, )
(K, — PK; +K)q =F, (10)

where K; is the stiffness matrix of the support, varying for the support type chosen:
K; = HG 'H". (11)

It can be demonstrated that numerical tests adopting K in the case of the Winkler
support are equal to those adopting the Winkler stiffness matrix that can be obtained with
a standard variational formulation [41]. In order to determine pavement buckling loads, a
homogeneous system associated with Equation (10) is considered and buckling loads are
determined as the roots of the following eigenvalue problem:

det[K, — P Ky + K| = 0. (12)

where the axial load can be written in dimensionless form as A = PL?/D;. As is well
known, the Euler critical load can be defined as P, g = 72Dy, / L?; hence, the dimensionless
buckling loads that are going to be determined in the subsequent Section 3 are the following:

Per/Perp = )\cr/7T2~ (13)

Beam-Support Stiffness Parameters

It is common to describe the results of analytical and numerical static and buckling
tests by defining the beam-support stiffness parameters that are able to account for both
beam and support stiffness in a unique parameter. In the case of the Winkler support, the
beam-support parameter is defined as follows [26]:

v = +\/k L*/D,,. (14)

Such a parameter was also adopted in a recent work investigating thermal effects
on pavement buckling [21]. In the case of elastic supports, both in 2D and 3D cases, the
beam-support parameter is defined as [30-33,36,39,42,43]:

al = {/EbL3/D,. (15)

Even if based on different support behavior hypotheses, both beam-support stiffness
parameters can be interpreted in the same manner. Namely, small values of such parameters
represent short beams, stiffer than the support, whereas large values of such parameters
describe long beams on stiff support. It is worth noting that the pioneering contribution
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by Biot [36] proposed an expression for correlating the Winkler stiffness parameter with
half-plane and half-space elastic moduli.

3. Results

In order to simulate the behavior of jointed concrete pavement, avoiding the effect
of boundary conditions at beam ends, a compressed beam with fixed ends and a hinge
at the midpoint is considered (Figure 4). Restraint conditions applied by means of a
penalty approach are v(—L/2) —v(L/2) = 0and v'(—L/2) = v'(L/2) = 0. In this section,
buckling analyses are performed by considering the three different support types described
in Section 2.1. The first and second critical loads and the corresponding modal shapes,
together with contact reactions, are determined for several values of beam—support stiffness
parameters. Then, critical load values with increasing beam—support stiffness parameters
are determined and their convergence with existing or new results is determined. Analyses
are performed by adopting n, = 28. It is worth noting that the first modal shape is
determined as the fundamental one related to pavement blowup, whereas the second
modal shape is determined to perform a better interpretation of the results in terms of
critical loads.

P . , P

—> Q /4—

L/2 L/2

Figure 4. Compressed beam with an internal hinge at midpoint and fixed ends, on elastic support.

3.1. Beam on Winkler Support
3.1.1. Modal Shapes

Figure 5 shows modal shapes obtained with four increasing values of -, highlight-
ing the corresponding increasing dimensionless critical loads. Contact reactions are not
presented for simplicity, given that they are proportional to displacements (Equation (2)).
Modal shapes related to the first critical load (Figure 5a,c,e,g) are symmetric and character-
ized by maximum values at the weak section or joint at the midpoint, with an evident slope
inversion due to the presence of the internal hinge. Modal shapes related to the second
critical load (Figure 5b,d,f,h) are sinusoidal and asymmetric, hence the asymmetric rotation
at the midpoint is not influenced by the presence of the internal hinge.

3.1.2. Critical Loads

Following behavior that can be determined analytically and numerically for beams
without weak joints [26], critical loads increase with increasing vy (Figure 6a). The first
critical load appears to be an independent curve, not intersecting the other ones, whereas
curves related to subsequent critical loads intersect each other. In order to have an analytical
estimation of the critical loads as a function of 7, as is well known [26], critical loads for
beams on the Winkler support are proportional to 7%. The determination of minimum
critical loads with respect to <y leads to results linearly proportional to . Then, dimension-
less critical loads are divided by <y in Figure 6b, obtaining the first curve converging to
(dashed line)

Paw,a/ (Pcr,E 7) = 1/7-[2 (16)

which is exactly equal to one-half of the convergence value of the second critical load with
increasing -y (dashed-dotted line): P w2/ (Pcr,E 9) = 2/m%. Such a value is typical of
beams with fixed or sliding ends without weak joints.
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Figure 5. Buckling of a beam with fixed ends and a hinge at midpoint on Winkler support for several

increasing values of 7: (a,c,e,g) first modal shapes and (b,d,f,h) second modal shapes.
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Figure 6. Critical loads for a beam with fixed ends and a hinge at midpoint on Winkler support:
(a) dimensionless critical loads versus beam-support stiffness parameter and (b) ratio Per/ (P g 77)
versus beam-support stiffness parameter.

3.2. Beam on Half-Space

Numerical tests are performed for a beam length-to-width ratio x = 10.

3.2.1. Modal Shapes

Figures 7-10 show modal shapes and contact reactions obtained with four increasing
values of L, highlighting the corresponding increasing dimensionless critical loads. Modal
shapes related to the first critical load (Figures 7a, 8a, 9a and 10a) are symmetric and
characterized by maximum values at the weak section or joint at the midpoint, with an
evident slope inversion due to the presence of the internal hinge. Modal shapes related
to the second critical load (Figures 7b, 8b, 9b and 10b) are sinusoidal and asymmetric.
Contact reactions (Figures 7c,d, 8c,d, 9c,d and 10c,d) are not fully proportional to the
corresponding vertical displacements along the beam length and can assume nonzero
values close to the beam ends even if displacements are nil in the case of soft supports
(Figures 7c,d, 8d, 9d and 10d).

P /P, ¢ = 28954 P IP, g =10.1137
1 El
0.8 0.8
06 06
0.4 0.4
0.2 0.2
> 0 > 0
02 02
04 0.4
06 06
08 08
1 1
05 0 05 05 0 05
xIL xIL
<107 <107
10
3
8
zK
6
1
N [
2 1
0 2
3
2
05 0 05 0.5 0 05
xIL xIL

Figure 7. Buckling of a beam with fixed ends and a hinge at midpoint on 3D half-space with aL = 5:
(a,b) first and second modal shapes and (c,d) corresponding contact reactions.
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Figure 8. Buckling of a beam with fixed ends and a hinge at midpoint on half-space with L = 10:
(a,b) first and second modal shapes and (c,d) corresponding contact reactions.
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Figure 9. Buckling of a beam with fixed ends and a hinge at midpoint on half-space with aL = 20:

(a,b) first and second modal shapes and (c,d) corresponding contact reactions.
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Figure 10. Buckling of a beam with fixed ends and a hinge at midpoint on half-space with «L = 50:
(a,b) first and second modal shapes and (c,d) corresponding contact reactions.

3.2.2. Critical Loads

Figure 11a shows increasing dimensionless critical loads versus aL. The first critical
load appears to be an independent curve, not intersecting with the other ones, whereas
the curves related to subsequent critical loads intersect with each other. In a previous
contribution by the author [32] and in the case of infinite beams on elastic supports, critical
loads turned out to be proportional to («L)3 with increasing aL. Consequently, minimum
critical loads turned out to be proportional to (aL)?. In order to have an estimation of
the critical loads as a function of aL, dimensionless critical loads are divided by («L)? in
Figure 11b, obtaining the first curve converging to (dashed line)

Per3p,1/ [Peri (2L)?] = 0.077, 17)
whereas the second and third curves converge to (dashed-dotted line)
Per3p1/ [Perg (2L)?] = 0.139. (18)

Both values are different from those obtained for beams without internal hinges [31].

3.3. Beam on Half-Plane
3.3.1. Modal Shapes

Figures 12-14 show the first and second modal shapes and corresponding contact reac-
tions obtained with three increasing values of aL, highlighting the corresponding increasing
dimensionless critical loads. The same preliminary comments made in Section 3.2.1 for 3D
support can be applied in the case of 2D support.
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Figure 11. Buckling of a beam with fixed ends and a hinge at midpoint on half-space. (a) Dimen-
sionless critical loads versus beam-support stiffness parameter; (b) Ratio Per/[Per g (aL)z] versus
beam-support stiffness parameter.

P_IP =6.9528 P_IP =14.7862
1 cr crE e cr crE i
0.8 0.8
0.6 0.6
0.4 04+
0.2 02
> 0 > 0
02 02f
04 0.4
06 06
0.8 0.8
1 1 :
0.5 0 05 -05 0 05
xIL x/L
X104 %104
15 6
4
10 \
2
. <o
5
2t
4
0
)
0.5 0 05 05 [ 05

x/L

(d)

Figure 12. Buckling of a beam with fixed ends and a hinge at midpoint on half-plane with «L = 10:

(a,b) first and second modal shapes and (c,d) corresponding contact reactions.
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Figure 13. Buckling of a beam with fixed ends and a hinge at midpoint on half-plane with aL = 20:
(a,b) first and second modal shapes and (c,d) corresponding contact reactions.
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Figure 14. Buckling of a beam with fixed ends and a hinge at midpoint on half-plane with L = 50:
(a,b) first and second modal shapes and (c,d) corresponding contact reactions.
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3.3.2. Critical Loads

Following the representation already adopted in Figure 11, Figure 15a shows increas-
ing dimensionless critical loads, whereas Figure 15b shows the ratio Pt /[P, g (aL)?]
versus aL. In this case, the first critical load converges to the following ratio (dashed line):

Peropi /[P g (aL)?] = 0.069, (19)
whereas the second and third curves converge to (dashed-dotted line)

Peropa/ [P g (aL)?] = 0121 = 3/ (243 72). (20)

0.35

| L I | 0 1 1 1 1 I 1 I 1 1

25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
al al

(b)

Figure 15. Buckling of a beam with fixed ends and a hinge at midpoint on half-plane. (a) Dimen-
sionless critical loads versus beam-support stiffness parameter; (b) Ratio Per/ [P, g (aL)?] versus
beam-support stiffness parameter.

Which is the typical critical load of a beam of infinite length on an elastic half-
plane [44].

4. Discussion

The results proposed in Section 3 in terms of modal shapes show comparable behavior
for the beam, taking into consideration the different support typologies. In particular,
the first modal shapes are always characterized by non-sinusoidal profiles, with large
displacements close to the joint at the beam midpoint, whereas the second modal shapes are
asymmetric and sinusoidal. Critical loads turn out to be strictly dependent on the specific
beam-support stiffness parameter adopted, but they generally increase with increasing
beam length and support stiffness. The first critical load, corresponding to non-sinusoidal
modal shapes, is always represented by an independent curve for increasing beam-support
stiffness parameters. This aspect is caused by the hinge at the beam midpoint, which
activates a modal shape with large displacement at the hinge position, in the same manner
as the first modal shape of a cantilever beam. In this case, the further effect of the beam
elastic support does not influence the modal shape type but tends to concentrate nonzero
displacements close to the beam midpoint. Curves related to the second and subsequent
critical loads, corresponding to sinusoidal modal shapes, always intersect themselves and
converge to values typical of beams without internal hinges.
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4.1. Beam on Winkler Support

Starting with the simpler case of the beam on the Winkler support, it is worth mention-
ing that the results obtained in Section 3.1 turn out to be in agreement with those obtained
by Wang [28] for the case of an infinite beam with a weak joint. This agreement is obtained
in particular with increasing -y values, namely increasing beam length.

4.1.1. Modal Shapes

The first modal shape obtained in the case of soft support is not sinusoidal and it is
characterized by a displacement increasing from zero at the beam ends to the maximum
value at the beam midpoint (Figure 5a). Such a modal shape turns out to agree with that
generally proposed as an example of concrete pavement blowup in the case of joints at
the beam midpoint (Figure 1). Considering the proportional relationship between vertical
displacements and contact reactions (Equation (2)), tensile contact reactions between the
beam and support are obtained along the whole beam length, except at the beam ends.
Then, detachment between the beam and support involves almost the entire beam length.

As the y parameter increases, both support stiffness and beam length increase, and
displacements tend to be large only close to the midpoint (Figure 5c,e,g), whereas the beam
portion with nil values close to the beam ends increases with increasing . Furthermore, a
sign of variation in vertical displacements can be detected, since they are initially directed
downwards and then upwards from the beam end to the beam midpoint. Along the
beam-support surface, this behavior generates tensile reactions close to the beam midpoint
and compressive reactions in an intermediate beam portion between the beam midpoint
and ends. Then, detachment between the beam and support is limited to a short portion
close to the beam midpoint.

It is finally worth noting that all the modal shapes corresponding to the first critical
load (Figure 5a,c,e,g) are not sinusoidal. Considering one-half of the beam, these dis-
placement profiles are equal to that typical of beams with free or pinned ends, which are
characterized by first (and second) modal shapes having a non-sinusoidal profile, with
large displacements close to the beam ends [45].

Focusing then on modal shapes corresponding to the second critical load (Figure 5b,d,f,h),
sinusoidal asymmetric modal shapes are obtained, with an increasing number of half-waves
as <y increases. Such modal shapes are typical of beams with fixed or sliding ends without
hinge at the midpoint.

4.1.2. Critical Loads

As stated in Section 3.1.2, the first critical load as 7 increases, which is related to
non-sinusoidal modal shapes, converges to a typical buckling value for the beam on a
Winkler support (Equation (16), Figure 6b), which can be obtained for beams with free
ends or pinned ends by setting relative displacements between beam ends equal to zero by
means of a penalty function. As already mentioned, such a value is one half of the value
that can be obtained in the case of fixed or sliding ends, and it also corresponds to the
second critical load of the proposed case study, characterized by asymmetric sinusoidal
modal shapes.

4.2. Beam on Elastic Continuum

This section is dedicated to commenting on the results obtained with both 2D and 3D
pavement supports, since modal shapes and critical loads with respect to the beam—-support
stiffness parameter «L turn out to have similar behavior.



Infrastructures 2025, 10, 86

17 of 21

4.2.1. Modal Shapes

Focusing on the modal shapes corresponding to the first critical loads, the vertical
displacement profiles are similar to those obtained with the Winkler support, and the same
comments can be made as support stiffness and beam length increase. In the case of soft
supports, the first modal shape is not sinusoidal, and it is characterized by a displacement
increasing from zero at the beam ends to the maximum value at the beam midpoint
(Figures 7a and 12a). However, the simple profile, characterized by displacements directed
upwards, is obtained with the softer 3D support (Figure 7a) with respect to the 2D support
(Figure 12a). As the aL parameter increases, displacements only tend to increase close to
the midpoint (Figures 8a, 9a and 10a for the 3D case and Figures 13a and 14a for the 2D
case). Furthermore, a sign of variation in vertical displacements can be detected, since
they are initially directed downwards and then upwards from the beam end to the beam
midpoint. Comparing the 3D and 2D elastic support cases, the increasing beam portion
characterized by nil displacements starting from the beam ends is obtained with smaller aL
values in the 3D support (Figure 8a) relative to the 2D one (Figure 13a). It is worth noting
that if only one-half of the beam is considered, non-sinusoidal modal shape profiles turn
out to be quite similar to those obtained with beams with free or pinned ends on the same
elastic support types. However, several comments are made in the upcoming subsection
about the corresponding critical loads. Modal shapes corresponding to the second critical
load are sinusoidal with an increasing number of half-waves as the a L parameter increases.

Focusing on contact reactions, it is worth remembering that the elastic continuum is
characterized by a non-local relationship between vertical displacements and reactions
(Equations (3) and (5)). This aspect is quite evident when looking at contact reactions
related to the first modal shapes close to the beam midpoint, which are distributed over
a smaller beam length (Figures 7c, 8c, 9¢, 10c, 12¢, 13c and 14c) with respect to the beam
portion with displacements directed upwards (Figures 7a, 8a, 9a, 10a, 12a, 13a and 14a).

4.2.2. Critical Loads

In contrast to the Winkler support case, the first critical load corresponding to the
non-sinusoidal modal shapes turns out to converge to new values (Equations (17) and (19)),
which were never found for beams with free or pinned ends on 2D [30] or 3D half-space
supports [31]. Furthermore, the second critical load in the case of half-space support
converges to a new value (Equation (18)), whereas in the case of half-plane support, the
existing solution, obtained by Reissner [44] for beams having infinite length, is obtained.

It is worth mentioning that the buckling behavior of a beam on a half-space support
is strictly dependent on its length-to-width ratio x. In the case of beams without internal
hinges, it is demonstrated that critical loads with respect to the aL parameter turn out
to converge with the buckling behavior of a beam on half-plane as the aL/x = ab ratio
increases. In order to highlight this aspect in the case of a beam with a hinge at the
midpoint, the first and second critical loads are determined for several ) values. Table 1
collects several Persp/ [P g ((XL)Z] ratios determined for the first and second critical loads
with aL = 50 and varying x. Figure 16 shows the ratio Per/ [P, g («L)?] with increasing
«L/x. The results are compared with those obtained with an elastic half-plane.

The following expression is proposed for estimating the first critical load:

Perspa/ [P (aL)?] = 0.069 coth[0.80(ab)*], (21)

whereas the expression already proposed in [31] turns out to be suitable for estimating the
second (and third) critical load(s):

Perspa/ [P g (aL)?] = 0121coth[0.70(ab) "] (22)
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Table 1. Dimensionless critical loads of a beam with fixed ends and a hinge at midpoint on half-space
with «L = 50 and varying x.

3D, x=L/b
2D X
1 2 5 10 20 50 100
Paspi/[Pop (L)) 0069 0070 0070 0072 0077 0084 0102  0.124
Paspa/[Pup ()] 0121 0123 0125 0130 0139 0155 0193 0239
025 T T TTTTT T T T T T TT7
02 ,
A & _
1| = i
D;:“J 015 rTi‘_|_
o’ - ]
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aldy

Figure 16. First (non-sinusoidal modal shapes) and second (sinusoidal modal shapes) critical loads.
Ratio Pt /[P . g (DcL)z] versus «L/x. Plus symbols represent numerical results; continuous lines
represent Equations (21) and (22).

Both expressions are added in Figure 16 with continuous lines, showing good agree-
ment with numerical results.

4.3. Calculation Examples

The results obtained in Section 3 and discussed in Sections 4.1 and 4.2 and are further
investigated by assuming several values for concrete pavement geometric and elastic
parameters, together with elastic support parameters. To have comparable numerical
results, the relationship between Winkler support stiffness and half-space elastic moduli
proposed by Biot [26] is adopted:

43471/3 41471/3
_ 9710 [Eb} =0.282 [E b ] (23)

- 243 | D, D,

The following Table 2 collects several values of critical loads determined for pavement
with varying thicknesses, on two different support types.
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Table 2. Calculated critical loads.
L [m] b [m] h [m] E;, [MPa] Support Type [22] E [MPa] k [N/m] P w, [kN] P 3p,1 [kN]
Clay with high plasticity 10 2.17 x 107 690 988
0.2 Slits with high plasticity 20 5.47 x 107 1096 1568
10 1 20 Uniform sand 40 1.38 x 108 1740 2490
Clay with high plasticity 10 2.17 x 107 1036 1482
0.3 Slits with high plasticity 20 5.47 x 107 1644 2353
Uniform sand 40 1.38 x 108 2610 3735

5. Conclusions

In this work, a simple and effective mixed FEM, originally introduced for performing
static and buckling analyses of beams on elastic support, has been extended for a prelim-
inary study of jointed concrete pavement blowups caused by buckling in compression
caused by thermal rise. An elastic Euler-Bernoulli beam in frictionless and bilateral contact
with an elastic support was considered, by adopting three different support models, namely
a Winkler support, elastic half-space, and elastic half-plane. A hinge at the beam midpoint
was placed to simulate a transversal pavement joint or crack. Numerical tests showed
that minimum critical loads are always associated with modal shapes having maximum
upward displacements at the beam midpoint with a sudden slope variation due to the
presence of the hinge. However, the typical increasing displacement from beam ends to
beam midpoint was obtained only in the case of soft supports. This aspect is not completely
in agreement with the blowups shown by Kerr, which were determined in the case of full
rigid supports. Increasing support stiffness and beam length, vertical displacements, and,
consequently, potential detachment from the support turned out to be limited to a beam
portion close to the midpoint and characterized by small displacements initially directed
downwards and then large displacements directed upwards.

In the case of the Winkler support, the minimum critical load with increasing support
stiffness turned out to be equal to that typical of beams with free ends, which is one-half
of that obtained with beams having fixed or sliding ends. In the case of the elastic half-
space, the ratio between the beam length and width governed numerical results, and as
the ratio increased, convergence with the results in the case of the half-plane was observed.
Differently from the Winkler support case, with continuous elastic support, the first critical
load turned out to converge to a new value, smaller and not depending on existing values
obtained with beams with free or pinned ends. On the other hand, the second critical load,
related to asymmetric sinusoidal modal shapes, converged to the typical critical load of a
beam with fixed or sliding ends, equal to Reissner’s pioneering solution for the buckling of
infinite beams on half-plane support [38].

Further developments of this work will first focus on studying a more realistic case
study by accounting for the friction between the beam and support and also performing
geometric nonlinear incremental analysis in the presence of increasing compression and
pavement self-weight. Nonlinear incremental analyses will also allow us to account for
unilateral contact, namely an actual uplift, between pavement and support. Other types
of concrete pavement blowups [17] will also be taken into consideration. Also, focusing
on pavement support models for more practical case studies, it can be pointed out that
continuous elastic support does not account for the fast decay of surface displacements
far from loaded regions [38]. Further developments of this work will apply the proposed
mixed approach to other pavement support models, for instance, the Pasternak one [37]
and similar two-parameter foundation models [43].

The use of the Timoshenko beam model represents a further possibility of improve-
ment for the proposed approach. The buckling of continuous Timoshenko beams on elastic
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supports is a topic already investigated in the literature [32]. However, such a beam model
will be accurate for simulating buckling in cases of thick and short pavements.

Funding: This research received no external funding.
Data Availability Statement: Dataset available on request from the author.

Conflicts of Interest: The author declares no conflicts of interest.

Appendix A

For a generic i-th beam element, the stiffness and geometric matrices are

12 —6l; —12 —6l;

D, 412 6l 217
Ky = =L i i Al
A 12 6l; (A1)
sym 41

6/5 —1;/10 —6/5 —I;/10

1 212/15 1;/10 —I2/30
Ky = - ! ! A2
o 6/5 1;/10 (42)
sym 212/15
A generic column of matrix H is
) T
H; = b[zi/z ~B/12 L2 /12 (A3)

Compliance matrix G is a square matrix having size n,. In the case of the Winkler

support, its elements are
gii = li/k, (A4)

gij =0, (A5)

with i, j varying from 1 to ny.
For simplicity, details on the components of the compliance matrix G in the case of an
elastic half-space can be found in [25,26] and in [24] for an elastic half plane.
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