New substitution bases for complexity classes

Stefano Mazzanti
Dipartimento di Culture del Progetto
Universita [uav di Venezia
Fondamenta delle Terese 2206, 30123 Venezia, [taly

email: mazzantiQiuav.it

Abstract

The set AC°(F), the AC® closure of F, is the closure with respect
to substitution and concatenation recursion on notation of a set of basic
functions comprehending the set F'. By improving earlier work, we show
that AC°(F) is the substitution closure of a simple function set and char-
acterize well-known function complexity classes as the substitution closure
of finite sets of simple functions.

1 Introduction

A finite function set F' is a substitution basis for a function class G (and G is
the substitution closure of F) when G can be defined using only the functions
in F', the projection functions and the substitution operator. Several function
classes like partial recursive functions, Grzegorczyk classes &, for n > 2 and
polynomial time computable functions have a substitution basis, see [6] for a
list of references. But such bases may contain awkward functions.

A nice example of basis for a non-trivial function class was given in [7, 8]
where the set {z+y, z—y, zAy, |z/y], 2‘3”'2} was shown to be a basis for the class
TC° of functions computable by polysize, constant depth threshold circuits.

Subsequently, the existence of plain bases was considered for the set AC?(F),
the closure with respect to substitution and concatenation recursion on notation
(CRN) of a set of basic functions comprehending the set F.? In [5], it was shown
that AC?(F) admits a basis, provided that it contains integer division. From this
result, the above mentioned basis for TC? was obtained. Later, the existence
of a basis for AC?(F) was stated without assuming any hypothesis and a basis
for ACY was introduced [6].

However, the basis for TCY depends on the fact that integer division is in
TCP, which is a hard result to show [4], and the basis for ACY contains some

Lz Ay is the bitwise and of z and y. Names AC?, TC? NC?' are usually intended to denote
language classes. However, in this paper they will always denote function classes, since no
misunderstanding is possible.

2 ACP(F) is an obvious extension of Clote’s characterization of AC? functions ([2]) obtained
by adding the functions in F to the set of basic functions. For example, in [3] the set of TC?
functions has been defined as AC?(mult) where mult is the multiplication operation.



non-standard arithmetical functions which handle their arguments as sequence
encodings.

This paper tries to eliminate these drawbacks and improves the results of [5]
and [6]. New bases for AC?, TC? and other complexity classes are obtained in a
new, uniform and division-independent way by exploiting elementary properties
of geometric series.

In the Preliminaries, the basic definitions and the main results of [5] and [6]
are recalled.

Section 3 introduces a basis for ACY(F) that depends on a function param-
eter.

Then, by setting such function in two different ways, in Section 4 we obtain
a new basis for AC°(F) which yields immediately a new basis for AC?, and in
Section 5 we obtain two new bases for TC°.

Finally, following [6], we derive new bases for NC!,L, P and PSPACE
computable functions.

Even if the results of this paper may seem just aesthetic improvements, they
shed some light on the difference between ACY and TC° and could possibly lead
to a new, algebraic proof that AC? # TC°. Indeed, both AC? and T'C° have a
basis of six functions which differ for one function only.

2 Preliminaries

In this paper, we will only consider functions with finite arity on the set
N ={0,1,...} of natural numbers.

From now on, we agree that z,y, z, u, v, w, i, j, k,[,n, m,r range over N, that
a, b, c range over positive integers, that x, y range over sequences (of fixed length)
of natural numbers, that p, ¢ range over integer polynomials with non negative
values and that f, g, h range over functions.

A function f is a polynomial growth function iff there is a polynomial p
magorizing (the length of) f, i.e. such that |f(x)| < p(|x|) or, equivalently,
f(x) < 2P(=D for any x, where |z1,...,2,| = |z1],..., |z,| and |z| = [logy(z +
1)] is the number of bits of the binary representation of z.

We will use the following unary functions: the binary successor functions sg :
x +— 2z and s; : x — 2241 ; the constant functions C, : x — y ; the signum
function sg : x — min(z, 1); the cosignum function cosg : x — 1 — sg(x); the
quadratum function quad : x* — 22 ; length function len : x — |z|; the unary
smash function us : x — 2"3|2; the next power of two function pow : x — 2% .

We will also use the following functions: the addition function add : =,y —
x + y; the multiplication function mult : =,y — xy; the modified subtraction
function sub : z,y — x—y = maz(z—y, 0); the division function quot : z,y —
|z/y]; the remainder function rem : z,y — x — y|x/y]; the conditional
function

cond(x,y,z) = y ifz=0
Y2 = z otherwise

the bit function bit : x,y — rem(|x/2Y],2); the multiplication by a power
function multp : x,y — x2I¥ ; the concatenation function conc : x,y —>
zxy = a2V + y ; the smash function smash : x,y — z#y = 2@l
; the most significant part function MSP : z,y —— |xz/2Y]; the log most



significant part function msp : z,y —— Lx/2|y‘J; the least significant part
function LSP : z,y —— rem(z,2Y); the log least significant part function
Isp : z,y — rem(z,2/Y!). A fundamental role will be played by the bitwise
and function and : x,y — = Ay such that bit(z A y,i) = bit(x,1) - bit(y, i) for
any i.

For I,n > 0, let (z,,...,z1;1) = Zi<nxi+12li5 if x,,...,21 < 2! then
Tp,...,21 are the base 2! digits of (x,,...,21;l). Then, we will also use the
functions arl, ar2l, repl, convl such that

arl(l) = Z a2l

<[l
ar2l(l) = Z 22l
i<l
repl(x,l,n) = Z rem(x, 2'” olHi
i<|n|
convl(x,l,r,n) Z rem(x;y1, 2"“') olrle

i<|n|
where x,),..., 21 are the |n| least significant base 2l digits of z. All the
functions above return 0 when one of [,r,n is 0.

Note that "
n|—times
repl(xz,l,n) = <1’, e, T l|>

convl({x; 1)) ,1,7,n) = (x;|r|)

where x = x|, ..., 71 with z; < omin(llLI7) for 1 < i < n.

As usual, the characteristic function of a predicate ) on natural numbers
is the function f(x) returning 1 if Q(x) is true, 0 otherwise. We say that a
predicate is in a class F' of functions, meaning that its characteristic function is
in F.

Let

for x < 2"l and

rp(z,1,n) = e 2 i ACO_SUM (x,1,n)
o 0 otherwise

where

AC® _SUM(z,1,n) < (In>0) \/ Pi(z,1,n))

and P;, P>, and Pj5 are respectively the following predicates

l|—times
12|
Pi(z,l,n) @x=(1,....1;]] ) Al <],

Py(z,l,n) cx=(|-1,...,1,0;[I) A1 <,
Psy(z,1,n) <z <217 A Vicj<in| (z2 A 2211 = ).



As we will see in Section 4, the predicate AC® SUM guarantees that the
function rp is in AC?, even if z- 33, |, 21" is in TC? — AC®.
Finally, we will use the following operators on functions:

e the substitution operator SUBST(gi,...,gs,h) transforming functions
g1,---,9 : N* = N and function h : N® — N into the function f : N® = N
such that f(x) = h(g1x,...,9X);

e the concatenation recursion on notation operator CRN (g, hg,h1) trans-
forming functions hg : N°*1 — N and h; : N*! — N with values in {0, 1}
and function g : N® — N into the function f : N**! — N such that

f0y) = 9(),
f(si(x),y) = Shi(z,y) (f(an))

where in the second equation ¢ € {0,1} and 2 > 0 when ¢ = 0.

For any set F' of functions, let closgypsr (F') be the closure under substitution
of F U I where I is the set of the projection functions

Il . zq,...,zq—x; (1<i<a)

with any arity a. In the following, we will abuse the notation above as usual and
we will write clossypst(f1,---, fn, G) when F' = {f1,..., fn} UG (the sequence
fi,--+, fn may be empty and the set G may be omitted).

For any set F of polynomial growth functions, we define AC?(F),
the AC® closure of F, as the closure under substitution and CRN of
{Co, 50, 51, smash,len,bit} UF UT 3.

The class AC? of functions computable by polysize, constant depth, un-
bounded fan-in Boolean circuits, the class TCY of functions computable by
polysize, constant depth, unbounded fan-in threshold circuits, the class NC* of
functions computable by polysize, logarithmic depth, bounded fan-in Boolean
circuits have been characterized using substitution and CRN [1, 2, 3]:

AC® = ACY(0), TC® = AC®(mult), NC* = AC®(tree)

where tree is a unary function taking values in {0,1} such that tree(x) is the
value of the and/or tree with or gate at the root represented by x when |z| =
4" 4+ 1> 1. E.g. for x = 101105 we have tree(z) =0=(0A 1) V (1 A0). For a
definition of tree see [1] or the Appendix of [5].

If F is a class of functions such that F' = clossyssr(fi,-..,fs) then
{f1,..-, fa} is a (substitution or superposition) basis for F' and F is the substi-
tution closure of {f1,..., fa}.

For any function f : N* — N, we define the function ff, the canonical
dagger of f, by setting fie(zy,...,2q,0,n) =0if I =0 or n =0 or x; > 2"l
for some 1 <4 < a and

ch(xla'- .,IG,LH)

= <T€m(f<x1,|n\7 v awa,|n\)v 2|l|>7 v 7r€m(f($1,17 cee ;ma,1)7 2'”)7 |”>

3See [6] for a discussion about the relationship of our definition of AC?(F) and similar
definitions given in the literature.



when I,n > 0, 1 = <x1,|n‘, BT |l\> ey T = <xa,‘n|, cey Ta1; \l|> and
xij < 2 for1<i<aand1<j< |n|. Note that the equation above reduces
to

fTC(:Ela e 7xa,l,n) = <f(x1,|n\7 e 7xa,|n\)7 .. '7f(m1,17 cee 71'0,,1); |l|>

if f(z1,..57a;) <2l for 1 <j<|n|t
In [5], the following result has been obtained.

Quotient Basis Theorem. For any set F' of polynomial growth functions, if
quot € AC°(F) then

ACY(F) = clossypsr (add, sub, and, quot, us, F'1*)

feF}.

The theorem above enabled us to show that {add, sub, and, quot,us} is a
basis for TC? by noting that quad' € clossypsr(add, sub, and, quot, us) and to
show that {add, sub, and, quot, us, tree<} is a basis for NC*.

Later, in [6], we improved the method of CRN elimination introduced in [5]
and proved the following Quotient-free Basis Theorem which states that, for any
finite set F' of polynomial growth functions, the set AC°(F) has a basis. From
the Quotient-free Basis Theorem we obtained a new basis for AC? by setting
F =0.

where Fie = { fTe

Quotient-Free Basis Theorem. For any set ' of polynomial growth func-
tions,

ACC(F) = clossypsr(Ch, add, sub, and, conc, len, msp, ar2l, repl, convl, F¢).

In this paper we will show the following improved version of the Quotient-free
Basis Theorem.

Improved Quotient-free Basis Theorem. For any set F of polynomial
growth functions,

AC®(F) = clossypst(C1,add, sub, and, msp, rp, F1<) .

The Improved Quotient-free Basis Theorem yields immediately a new basis
for ACP.

Corollary 1. AC° = clossypst(Ch, add, sub, and, msp, p).
Moreover, we will state the following characterizations of TCP.

Theorem 2.
TC° = clossypst(Ch, add, sub, and, msp, x - Z QW)
i<|n|

= clossypsT(C1, add, sub, and, msp, Z 2|l|i,quad).
i<|n|

4See [6] for a full account about dagger operators.



3 A parametric Quotient-free Basis Theorem for
ACO(F)

Let rpt be any function such that

rpt(z,l,n) =rp(z,l,n) =x - Z oltli

i<|n|

when AC° SUM (x,l,n) is true. In this section, for any set F of polynomial
growth functions, we will show that

AC°(F) C clossypst(Ch, add, sub, and, msp, rpt, F'<)
and if rpt € AC°(F) then
ACC(F) = clossypsr(C1, add, sub, and, msp, rpt, Fie).

The basic idea of the proof is that the functions repl, arl,ar2l and convl
are special instances of x - Zi<\n| 2/ and can be obtained from rpt(zx,l,n) by
substituting a suitable AC? function for x.

A normal function class is a function class closed with respect to substitution
which contains the function set I U {C4, add, sub,and, msp,rpt}. Moreover, a
function is mormal iff it belongs to every normal class or, equivalently, iff it
belongs to clossypsT(C1, add, sub, and, msp, rpt).

In the following, we will show that repl, arl, ar2l and convl are normal func-
tions and so by the Quotient-free Basis Theorem, any normal function class
contains ACY(F) if it contains F'fe.

Lemma 3. If z < 2!l then Vicj<in (2218 A 22l = 0) and

|n|—times
rpt(z,l,n) = <x,...,1’;l|>.

Lemma 4. The following functions are normal: C, for any n,
¢, 0sg, Sg, s1, pow, smash, 2171=1¥1 maltp, cone,lsp, and for any polynomial p,
op(Ix|)
Proof. The proof is similar to that of Lemma 3 in [6]. Note first that

Co(z) = C1(2)—C1(x), Cny1(2) = Cp(z) + Ci(x)

and
cosg(x) = Cy(x)—z, sg(x) = cosg(cosg(x)) .



Then,

so(z) =z +x, s1(x) = so(x) + C1(x),
pow(z) = 2%l = cosg(z) + (rpt(1,2,2)=1),
smash(x,y) = 270 = rpt(2171 21 2, 4) 4+ 1,
max(z,y) = (z—y) +y,
221X @D — ot (2, max(z, y), 2)~,
olzl =yl — Plxl/?lle + sg(ly|~|z]) = msp(217!, 21 — 1) + sg(21=1 ~2Ml)
maultp(z, y) = Wlmax(ac,yn/g\u;ww = msp(x2! mx@vl glzl<lyl _ 1),

conc(x,y) = multp(z,y) + v,
Isp(z,y) = x—multp(msp(z,y),y).

The function 2P(*) is normal for all polynomials p with non negative coefficients,
because the function 2P(*) can be obtained from the normal functions 2¢ and
2/#| by a finite number of applications of the two equations 2P(XDa(lyl) — (2r(Ix]) _
1)#(290¥D) — 1) and 2e(xD+a(yD) = ol(2P (D —1)x (200D 1) Moreover, 2P(xD ig
normal even for any integer polynomial p with non negative values. Indeed,
p can be expressed as the modified subtraction of two polynomials ¢,q with
non negative coefficients such that ¢(|x|) > ¢/(|x|) and we obtain that 2P(X) =
9a(IxD—d'(Ix]) — msp(29(<D) od (Ix]) _ 1)+ Sg(gq(IX\);gq/(IX\))_ O

Lemma 5. Function cond is normal.

Proof. By Lemma 4 the function 2/¥/*1? is normal. Then, also the function

0 ifx =0,

z,y,2) = rpt(sg(x),1,2¥1+12 1) =
Tl 2) =t (e) ) 2lyl+lzl — 1 otherwise

is normal. The lemma follows immediately by noting that

cond(z,y,z) = and(f(x,y, ), 2) + and(f(cosg(x),y, 2), y)-
O

Any normal class is closed with respect to definition by cases and contains
the predicates generated by the standard comparison predicates and the Boolean
connectives.

Lemma 6. Any normal class is closed with respect to definition by cases.

Proof. Assume that C is anormal class and f1,..., fo11 € C. Let g1,...,94 € C
be the characteristic functions of Q1,...,Q,, respectively. The lemma follows
immediately from Lemma 5 because the function

J1(x) if Q1(x),
T=Y ) i Qu),

fat+1(x) otherwise



can be defined as

f(x) = cond(g1(x), cond(. . . cond(ge(X), fat1(X), fa(X))...), f1(x)).
O
Lemma 7. The predicates of a normal class are closed with respect to conjunc-
tion, disjunction, and negation.

Proof. Assume that C is a normal class and let ¢g¢ € C and g €
C be the characteristic functions of predicates @i and @Q», respec-
tively. Then, cosg(g1(x)), cond(gi(x),Co(x),cond(gz(x), Co(x),C1(x))) and
cond(g1(x), cond(gz2(x), Co(x), C1(x)), C1(x)) are the characteristic functions of
@1, Q1 AN Q2 and Q1 V @2, respectively. The lemma follows immediately from
Lemma 4 and Lemma 5. O

Lemma 8. The comparison predicates x < y,x < y,x > y,r > Yy, T =Yy, T #* Yy
are normal.

Proof. Note that z >y < sg(z—y) =1 and x = y & cosg((z—y) + (y—z)) = 1.
The remaing predicates can be defined using the Boolean operations and the
lemma follows from Lemma 7. O

Lemma 9. Function repl is normal.
Proof. Since Isp(z,1) = rem(z,2/") < 2!l by Lemma 3
|n|—times

repl(xa l,?’L) = <rem(x, 2‘”)7 s ,rem(x, 2”‘)5 |l|>

_ ) rpt(lsp(,1),1,n) if(I >0) A (n>0),
o otherwise

The lemma follows immediately by Lemmata 6-8. O

N
Lemma 10. If Y x; < 2% then
j=1

L

Lemma 11. Functions arl and |x| are normal.

N N 1

. _ ) Li

xj,...7g xj,g xj,...7g xj; L —<$N,...,£L'1,L>-E 2,
=2 =1 =1

1 <N

Proof. Set L = |l] and consider the normal function f(I) = rpt(rpt(1,1,1),1,1).
By definition of rpt and Lemma 10

L—times

f() = <1,.‘.,1;L> Y o2k =(1,...,L-1, L L4, L)
i<L

Therefore, arl(l) = lsp(f(l),Q'”2 — 1)—rpt(1,1,1) because lsp(f(l),2“|2 -1) =

(L,...,1; L) and arl is normal because lsp(z, olt® —1) is normal by Lemma 4. Fi-

nally, |z| = lsp(msp(f(z), 2lal*~la| —1),z) and |z| is normal because lsp, 2lal*~lal

and 2/*! are normal by Lemma 4. O



Lemma 12. Function ar2l is normal.

Proof. Set L = |I| and consider the function f(I) = rpt(ari(l),l,1). By definition
of rpt and Lemma 10

f(l):<L;1,...7170;L>.Z2Li

<L
= (tpy—tp g, .ty —to, by —ti,tp oy, ..ty e L)

where t,, = % is the n-th triangular number.

Now, since 2t, — n = n2, we obtain ar2l(l) = 2 - lsp(f(1),2"" — 1)=ari(l)
because Isp(f(1), 2ll” — 1) = (t;-q,...,t1,to; L) and ar2l is normal because arl
and Isp(z, 2" — 1) are normal by the lemma above and Lemma 4. O

The function incr(z,l,r,n) = 7‘pt(x,2|’"|;|”,n) A rpt(2 — 1,7,n) has been
introduced in [8]. The following lemma is analogous to Lemma 2.10 of [5] and
Statement 1.1.4.3 of [8].

Lemma 13. Ifl,n >0, [r| > (|In| + D[l and 2y, ..., 21 < 2! then

incr(<x‘n|, TS |l\> J,rn) = <x‘n|, e, TS |r|> )
Lemma 14. Function incr is normal.
Proof. The lemma, follows immediately from Lemma 4. O

Lemma 15. Function convl is normal.

Proof. Set L = |I|,R = |r| and N = |n|. We first define a function decr such
that decr((zn,...,z1;L),l,r,n) = (zN,...,z1; R) provided that R < L and
TNy ooy 1 < 2R,

For z = (zn,...,x1; L), we have
(x,l72L(N+1)+R —1,n)={(xN,...,22,21; L(N + 1) + R)

= <:cN2R(N*1), o xe2f a L(N + 1)>

ner

by Lemma 13 and Lemma 20 of [6].
Now, for y = (zn2BWN=1 2928 21 L(N + 1)), we have

i<j<N = y2EWHDT A goLN+DT —

because
bit(yZL(NH)i,k;) _ | 0 if k< L(N + 1)
bit(z,279,s) otherwise
where
g = [k — LN +1)i)/L(N + 1)] = [k/L(N +1)]
and

s=rem(k — L(N +1)i), L(N + 1)) = rem(k, L(N + 1)).



So, if ' '
bit (y2E N+ ) = bt (y2l VDI ) =1

then
bit(x,274, s) = bit (2,277, 5) = 1

with p < ¢. But this means that Rp < s < Rp+ R and Rq < s < Rq+ R which
implies s < R(p+ 1) < Rq < s, a contradiction.
Therefore, by Lemma 10, the function
f(x, 1,7, n) = rpt(iner(x, 1, 2ENFVHE 1 p) ob(NFD _q )
satisfies the following equations
f(<X, L> 7lvra n) = <xN2R(N_1)a s ax22R7x1; L(N + 1)> ' Z nzL(N-‘rl)i
i<N
N—1
—
= <<xN0,...,O;R>,...,(xN,...,xQ,O;R>,
N—1
—
<$N,...,x1;R>,...,<O,...,O,x1;R> s L(N + 1))
where x =z, ...,x1. Then, for
decr(z,1,r,n) = lsp(msp(f(x,1,n), 2FNFVWN=1) _ 1) 9FN _q)
we have decr((zn,...,z1;L),l,r,n) = {(xN,...,21; R) . Moreover, decr is nor-
mal because 2EV+HD(N=1) _ 1 and 28N — 1 are normal by Lemma 4 and f is

normal by Lemma 14 and Lemma 4.
Furthermore, define the function

trim(x,1,7,n) = otherwise

{sc/\rpt(QR —-1,I,n) ifL>R>0,
and note that for R < L we have

trim(z,l,r,n) = <rem(xN, 2y . rem(z, 2%); L>

where z, ...,z are the N least significant base 2” digits of x.
Finally, from Lemma 13 we have

decr(iner (trim(x, 1,1, n), 1, 28N+ 1 n),

RN+ 1 1 n) if R>L>0,
convl(z,l,r,n) = < decr(trim(z,l,m,n),l,7,n) if L>R>0,

trim(x,l,r,n) ifL=R>0,

0 otherwise.

and the functions ¢trim and convl are normal by Lemmata 6-8 because incr and
decr are normal. O

10



Lemma 16. For any set F' of polynomial growth functions and any mormal
class C, if Fte C C then AC°(F) C C.

Proof. By lemmata 4, 11, 9, 12 and 15 we have conc, len, repl, ar2l, convl € C
and so clossypst(C1,add, sub, and, conc, len, msp, ar2l, repl, convl, Fte) C C.
The lemma follows immediately from the Quotient-free Basis Theorem of [6]. O

Corollary 17. For any set F' of polynomial growth functions,
AC°(F) C clossypsr(C1,add, sub, and, msp, rpt, FTe).

Proof. By definition, clossypsr(C1,add, sub, and, msp,rpt, FTe) is a normal
class which contains F'te. O

Theorem 18 (Parametric Quotient-Free Basis Theorem). For any set F of
polynomial growth functions, if rpt € AC°(F) then
AC°(F) = clossypst(Ch,add, sub, and, msp, rpt, FTe).

Proof. Note that C1,add, sub,and, msp € ACP, moreover rpt € AC°(F) by
hypothesis and F'fe C AC°(F) by Lemma, 8 of [6]. O

4 A new basis for ACY(F)

In this section we will prove the Improved Quotient-free Basis Theorem. In
order to do so, we just need to show that rp € AC® and to set rpt = rp in
Theorem 18.

Lemma 19. rp(x,l,n) € AC°.

Proof sketch. Recall that the predicate ACY SUM (z,1,n) introduced in the
Preliminaries is defined as

AC® SUM(z,1,n) < (In > 0) A (Pi(z,1,n) V Py(x,1,n) V P3(z,1,n))

are P, P, and P3 are mutually disjoint AC? predicates. We show that rp can
be defined by cases. Indeed, there are functions hi, he and hsz in AC? such that
rp(z,l,n) = hi(z,l,n) if P(xz,1,n) Aln > 0 is true. We assume that In > 0 and
set L =|l| and N = |n|.

L—times

. . ——
First, assume that P;(z,l,n) is true. Then z = <1, o, 1;L> A (1<) and

rp(z,l,n) =(1,...,L=1,L,L=-1,...,1; L)
=(1,...,L-1,L; L) - 227D 4 (121, 15 L)
= (repl(L,1,1)~arl(1)) - 2E=Y 4+ msp(ari(l), ).
Assume that Py(x,l,n) is true and recall that 2¢,, = m(m + 1).
Then x =(L —1,...,1,0; L) A (1 <) and
rp(z,l,n) = (tp g —tp g, bty —to by —ti,tp oy, ...ty to; L)
= (tpoq=tp gy sty —ta by St L) - 28D 4 (8t L)
— (repl(ty- 1, 1/2))~T([1/2])) - 25ED 1 7(1)

11



where T(1) = [(ar2l(l) +arl(l))/2] = (t;-y,...,to; L) belongs to AC® by
Lemma 10 and Lemma 19 of [6].
Assume that Ps(x,l,n) is true and recall that this is equivalent to

w < 2l Ay (@211 A 2210 = 0).

Then, for any k& < 2|l||n| there is at most one index ¢ < N such that
bit(22!"% k) = 1 and so, no carry is generated in the computation of ZKM x2lt,

Therefore,
rp(z,l,n) =x- Z ollle — Z AL \/ 22l

i<|n| i<|n| i<|n|
where \/; |, f(,4) is defined as
bit( \/ f(x,i),§) =1 Jicpbit(f(z,4),5) =1
i<|n|

and belongs to ACY because AC? is closed with respect to sharply bounded
quantifiers, see [2].

Concluding, rp is defined by cases from AC? functions and predicates and
so it belongs to ACY. O

We apply now Theorem 18 to obtain the Improved Quotient-free Basis The-
orem.

Theorem 20. For any set F' of polynomial growth functions,
AC°(F) = clossypst(Ch, add, sub, and, msp, p, FTC).

Proof. Set rpt = rp in Theorem 18. The theorem follows immediately from
Lemma 19. O

Corollary 21. AC° = clossypst(C1, add, sub, and, msp, rp).

5 New bases for TC°

In this section we show that both {C1, add, sub, and, msp, ZKW 211 quad} and
{C1, add, sub, and, msp, x - Zz‘<\n| 2l11Y are bases for TC. This result is inde-
pendent from the striking result of [4], namely integer division is in TC?, which

was used in [7] to introduce the first basis for TC?. The new bases are obtained
as another application of Theorem 18.

Lemma 22.

{zy,x - Z 2“”} U AC? C clossypst(Ch, add, sub, and, msp, Z 2l”i,quad).

i<|n| i<|n|

Proof. Note first that 2y = (v + y)? — 22 — y%. The lemma follows from Corol-
lary 17 by setting F' = 0 and rpt(z,l,n) =2 - 35, |, 2l O

12



Now, we show that

quad's € clossypsr(C1, add, sub, and, msp, Z 2|l‘i,quad).
i<|n|

By Theorem 18, this implies that {Cy, add, sub, and, msp,>
a basis for TCV.

i<n| 2l quad} is

Lemma 23 (Lemma 3.4 of [5]). 2% =) ):1(2-4i -MSP(z, i) — 4%).

i<|x|, bit(x,i

Proof. By induction on z, using the following definition of the quadratum func-
tion:

02=0

(2y)* = 4y°
2y + 1) =4y® + 4y + 1.

Lemma 24. quad'c € clossypsr(C1,add, sub, and, msp, ZKM 21l quad).

Proof. Set R = |r| and N = |n|. Let x =z, ..., and assume that 23 < 2%
for any 1 < j7 < N. Consider the function

2MSP (z, y)4mindlzly) — gminizly) if pit(x, y) = 1
flx,y) = .
0 otherwise

and note that f is in AC? because 4™n(zly) = omin(jex2[.2y) = ACO. Then,
ffe € AC® by Lemma 8 of [6]. Furthermore, consider the functions

M (r,n) = convl(arl(r),r, 28N —1,7) Z R
i<N

and
gla,r,n) = fre(repl(z, 2N —1,r), M(r,n),r, 27N 1)

belonging to AC? such that

N—times N —times
—_— —
M(r,n) = <R—1,...,R—l,...,o,.,,70;R>
and
g((x; R) ,r,n) = ((up-1,n, .-, ur-11; R) , ..., (uo,N, - .. w015 R) s RN)
where u; ; — 2MSP(a;,i)4' —4° if bit(a;,i) = 1

0 otherwise
So, for (sap—1,...,51; RN) = g((x; R) ,r,n) - >, 28N* we have

sR:<va,...,x%;R>
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because
SR = Z <ui’N,...,ui)1;R> = <Zui’N""’Zui’l;R>
i<R i<R i<R
by Lemma 10 and, for any 1 < j < N,
duig= > 2MSP(z;, i)' — 4" = 2]
i<R i<R,bit(x;,i)=1

by Lemma 23. Therefore, for

q(z,r,n) = lsp(msp(g(z,r,n) - Z ofiNi 9(R=DREN _ 1) oRN _ 1)
i<R

we have ¢((x; R) ,r,n) = <x§v, coxy R>. The lemma follows by noting that

quad' (x,1,n) = convl(trim(q(convl(z,1,22F —1,n),2?F —1,n),22L — 1,1, n)
22— 1,1,n)
where trim is the AC? function defined in Lemma 15. O
Now we obtain two new bases for T'C°.
Theorem 25. TC? = clossypst(C1, add, sub, and, msp, Zi<\nl 21l quad).

Proof. Set F' = {quad} and rpt(x,l,n) = x - Zi<|n\ 2ltli Then, by Theorem 18
and Lemma 24,

AC®(quad) = closgypst(C1, add, sub, and, msp, x - Z oltle, quad'®)

i<|n|

C clossupsT(Ch1, add, sub, and, msp, Z Q‘lli,quad)
i<|n|
crce

and the theorem follows immediately because AC?(quad) = AC®(mult) = TC°.
O

Theorem 26. TC° = clossypst(C1,add, sub, and, msp,z - > 2”“).

i<|n|
Proof. By Theorem 25 it suffices to show that

quad € clossypst(Ch, add, sub, and, msp, x - Z 2”“).
i<|n|

First, consider the function fi(z,y) = convi(y, 2, 21#H1¥1+1 4} such that
fl(xay) = <y\y\717 -5 Yoj; |$‘ + |y| + 1>

where y; = bit(y, i) and the function fo(z,y) = repl(z, 2/*1*¥+1 ) such that
ly|—times
—
.ﬁ@w)=<wwnﬁﬂxHﬂy+1>-
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Then, for f3(z,y) = (21* — 1) - fi(2,y) A fo(x,y) we have by Lemma 20 of [6]

Fa(@,y) = (@Y 1y - xy0; |2] + |y + 1)
= <$Z/\y\712‘y‘*1, cooxyos x| + \y|>-

Note that fi,f» and f3 belong to AC° and therefore to
clossupsT(Ch, add, sub, and, msp, x - Zi<|n\ 2111%) by Corollary 17.

Finally, for f3(z,) = fo(2.y) - Sy, 2771 we have

fa(z,y) = <33y|y\712‘y‘71, cexyos x| + \y|> . Z o(lzl+lyl)i

i<|y|

and the theorem follows by Lemma 10 because the |y|—th digit in base 2/=/+Ivl
of fa(z,y)is D, ), 2vi2" = xy. O

Remark. The difference between AC? and TC® seems to be very subtle. Indeed,
the basis for AC? and the basis for TC? of Theorem 26 differ for one function
only. Moreover, the former basis contains rp while the latter basis contains
T i) 2l which is a sort of “extension” of rp. This result could be the

starting point for a new, algebraic proof that AC? # TCO.

6 Bases for complexity classes with complete
problems

The new bases introduced in Section 4 and Section 5 can be used to obtain bases
for complexity classes with complete problems. Indeed, in [6] it was shown that
a function class F with complete decision problems under AC? reductions can
be characterized as the AC? closure of the characteristic function of a suitable
complete problem, provided that F' is closed with respect to substitution and
CRN. Then, the Improved Quotient-free Basis Theorem yields immediately a
new basis for F'. Here we state the new bases without proofs. The interested
reader may refer to Section 3 of [6] for a full treatment of the subject.

Theorem 27.
NC' = AC®(chpryp) = clossupst(Ch,add, sub,and, msp, rp, chTBCFVP),

L = AC%(chigap) = clossypst(Ch, add, sub, and, msp, rp, ch];“GAP),
P = AC°(chcyp) = clossypst(Ch, add, sub, and, msp, p, cth?VP),
PSPACE = AC’O(chQBF) = clossypst(C1,add, sub, and, msp, rp, chBBF)

where BFVP is the Boolean Formula Value Problem, 1GAP is the Degree-One
Graph Accessibility Problem, CVP is the Circuit Value Problem and QBF is the
Quantified Boolean Formulas Problem.

Note that Theorem 27 also holds when rp is replaced by . <In 2 and quad
or by z- ZKM 2l!li (and BFV P, 1GAP, CV P and QBF are possibly replaced
by TCP-complete problems for NC*, L, P and PSPACE respectively).
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